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千葉工大　核物理×物性セミナー2016年1月23日

1. 原子核（同位体）探索の現状
2. 原子核質量模型及び原子核崩壊計算
3. 核分裂
4. r過程における核分裂の影響
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目的：原子核構造・崩壊の（核図表上の）大域的理解
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目的：原子核の起源の理論的探求　ー星の元素合成ー

鉄(Fe)より重い原子核の現在の理解
•Fe-Bi：赤色巨星によって作られた(s過程(slow process))
•Fe-U：超新星爆発によって作られた(r過程(rapid process))

小浦、核データニュース101, (2012)
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•S-process:遅中性子捕獲過程。赤色巨
星などで数千年程度かけて中性子捕

獲反応が進む。
•R-process:速中性子捕獲過程。超新星
爆発などで数秒で中性子捕獲反応が

進む。
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JAEA Chart of the Nuclides 2014
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Cut-off date: 30 June, 2014

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
 

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
 

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
 

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
 

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
 

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
 

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
     

     
 CHART OF THE NUCLIDES 2014 (JAEA)

Neutron-drip line (exp)

β-delayed neutron boundary line (exp)

 

N=20

  Proton-drip line (exp)

http://www.jaea.go.jp/02/press2014/p15031202/
Press release



核図表2014：軽核領域（表側p.1-2）

• 10-20s以下の共鳴原子核の情報も掲載(32核種)

• 陽子・中性子ドリップ線を新たに描画(図中実線、推測線は点線)

• β崩壊遅発中性子放出核の境界線を掲載(図中破線)
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 CHART OF THE NUCLIDES 2014 (JAEA)

Neutron-drip line (exp)

β-delayed neutron boundary line (exp)

 

N=20

  Proton-drip line (exp)

Overview of identified nuclei from Chart of the Nuclides 2014



Why nuclear mass?

• Equivalence to total energy of nucleus: E = mc2 
➡ Governing nuclear reaction and decay modes
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Diff. of mass(total energy) determine the 
direction of nuclear decay.
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∑
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I. Introduction
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α-decay : tunneling

Prediction of nuclear decays

Nuclear masses (and description of nuclear shape) are required.

�

�
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278[113]165

核分裂障壁の計算法の開発 

●自発核分裂が優勢な領域(N≈170)を
示した(観測データと一致) (A-4,A-5)

●KTUY質量計算を基にした核
分裂障壁計算法を構築 (A-4,A-5)
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2. 重・超重核領域の原子核の性質
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数
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GSI, 理研

核分裂で崩壊連鎖終了

ポテンシャルエネルギー表面図

110

(A-10)

α
崩壊
連鎖

8 /12

St. func..

Parent
1.1.6　アルファ崩壊
比較的重い原子核がアルファ粒子（ヘリウム 4の原子
核）を放出する現象のことで、アルファ壊変とも言い、
原子核の放射壊変の一つである。アルファ崩壊の崩壊確
率（寿命）は、放出されるアルファ粒子のエネルギーに
よって大きく異なる。実験的にはアルファ崩壊の半減期
T1/2 とアルファ粒子の運動エネルギー E との間に、関
係式

T1/2 =
aZ√
E

+ b (1)

（Zは残留原子核の原子番号、a, bは定数）が成り立つこ
とが知られている。これをガイガー・ヌッタルの法則と
言う。その様子を図 1.1.6.1に示す。アルファ崩壊の半減
期は数億年を超えるものから数マイクロ秒を下回るもの
まで広範囲に渡っている。量子力学的には原子核のクー
ロンポテンシャルと核力ポテンシャルから作られる障壁
をトンネル効果で透過する確率として決まるものと解釈
されている。図 1.1.6.2に示すように、原子核の中（この
図では左側）から出ようとするアルファ粒子は点 rinで障
壁に遭遇する。古典的にはここで跳ね返されるのである
が、トンネル効果によって障壁がエネルギーより高い部
分を透過し、ある確率で点 routに至り放出される。この
アイデアに基づいて、1928年に G.ガモフがこの式を説
明することに成功した。これは波動関数の確率解釈の正
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図 1: アルファ粒子の運動エネルギーの平方根と半減期の
対数との関係（実験値。原子番号 78以上の偶偶核のみ）。
同位体 (Z が等しい)間で反比例の関係になっている。

V(x)

E

rin rout

図 2: アルファ粒子のトンネル透過の模式図。図の左側
は原子核の中心で、赤線はアルファ粒子が受けるポテン
シャル。アルファ粒子はポテンシャルの内側 rin から外
側 routに向かってトンネルを透過（赤く塗った部分）し
ていく。

当性を示す最初期の成功例となり、量子力学の基礎付け
に貢献した。なお、この式を使って得られる予測精度は
おおむね半減期で１０倍∼１／１０程度である。残りの
部分は原子核の対相関による偶奇効果（陽子・中性子が
偶数または奇数による効果）及び原子核の閉殻構造に由
来する原子核内でのアルファ粒子の生成確率から説明さ
れるが、理論的に完全な再現をできるには至っていない。
核図表とアルファ崩壊
原子核は陽子と中性子の複合体であり、その組み合わ

せで原子核の性質が定まる。ある原子核がアルファ崩壊
するかどうかは、崩壊前の親原子の全エネルギーである
質量から、崩壊後の娘原子の質量＋ヘリウム４原子の質
量を引いた差（崩壊Q値と呼ぶ）が正である場合に限ら
れる。図 1.1.6.3は横軸を原子核の中性子数、縦軸を陽子
数に取ったいわゆる核図表である。図中の黄色・赤はア
ルファ崩壊のQ値が正である核種を表し、この領域の原
子核はアルファ崩壊しうる。ただしその寿命は崩壊Q値
で定まるので観測しうるかどうかはそれが観測にかかる
程の有意な寿命かどうかによる。実験的には安定核より
中性子が比較的少なく、しかも中性子閉殻数 82、126を
それぞれ超えた領域にアルファ崩壊核種が多く認められ
る。また、鉛-208より重い核種領域ではアルファ崩壊優
勢核種が広く分布している。なお、アルファ崩壊のよう
に原子核から荷電粒子が放出される崩壊モードとしては、
他に陽子放出が数例程度知られているが、その他（酸素
放出など）の放出がほとんど見られないのは、α放出に
比較してクーロンポテンシャルを強く感じて透過確率が
小さいため半減期が極めて長く、結果としてアルファ放
出との競合で隠れてしまうからである。
超長寿命原子核ビスマス-209

1

emit

Nuclear force +Coulomb

Penetrability

β-decay : weak int. Fission : Potential ag. 
shape

α-decay
β-decay

Fission

Daughter
|Nuc. Mat. Ele.|2

Req.: Mass diff. (Q-value) Req.: Description of shapeReq.: Mass diff. (Q-value)

Nucleus



核分裂障壁の理論計算
Nilsson-Strutinsky 法!
変形単一粒子ポテンシャルより準位を得、
それに粒子を積み上げることにより求める

"3

変形ポテンシャルで変形度を与えて、縮退が
解かれた準位に対して適用

変形パラメータ→ 変形パラメータ→

殻構造の概念図

球形基底の方法(今回用いた方法)!
球形単一粒子ポテンシャルより準位を得、
変形状態を球形状態の配位混合として扱う
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占有確率

立体角
0 1

実際の計算：球形殻Eの重み付き和
球形殻E：球形準位の積分!
重み：立体角(占有確率)の微分

−10

0
10

80706050
Neutron (proton) number

Spherical shell

Weight　重み　

球形殻E

Mass model: Spherical-basis  method (KTUY)

H. Koura et al. NPA 671, 96 (2000)
H. Koura et al. NPA 674, 47 (2000)
H. Koura et al. PTP 113, 305 (2004)
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高スピン軌道(j)の核子に対する役割

球形単一粒子準位

低-j:原子核の中心に分布 
高-j:原子核の表面に分布

高-j核子:より深い準位へ 
→実験準位をW-Sよりよく再

現することに成功

Woods-Saxon

低-j 高-j

中心 表面

小浦-山田

表面中心

高-j低-j

準位準位

高-j

低-j

高-j
132Sn, 208Pb等の２重球形閉殻

深く束縛

下がる

中心力 中心力

変化小

表面のdip

表面のdip

H. Koura et al. NPA 671, 96 (2000)



Nuclear shell energy
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Nuclear shell energies Esh(Z, N)

N =50 N =82 N =126

Z =50

Z =82

N =184 ?

Z =114 ?

H. Koura et al. NPA 674, 47 (2000)



KTUY質量公式

4Heから208Pbにわたり精度の高い単一
粒子準位の再現を実現

原子核質量の殻エネルギーの新
たな計算方法

単一陽子準位
(208Pb)

(1) 球形単一粒子ポテンシャル

(2) 変形殻エネルギー計算

-12
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Fig. 3. Fission-barrier heights estimated by ETFSI [9].

neutrons and protons are also defined. In the case of neutrons, 97 is the corresponding number of
neutrons to the minimum radius, and 232 is the corresponding number to the maximum radius. The
summation is conducted through this range. In the case of protons, 64 and 152 are the smallest and
largest numbers of protons. In Fig. 5, the end of the left side is the minimum number, and the end of
the right side is the maximum number. Of these four numbers of nucleons, only 232 for neutrons is
the closest number to the closed shell, 228. The weighted sum of spherical shell energies lowers the
total energy, and the appearance of the saddle in this case comes from the 228 neutron shell closure.
The other three sides of the weight (fewer neutrons and both more and fewer protons) do not reach
strong shell closures, and thus do not lower the saddle point. The energy is therefore not lowered by
much: ∼6 MeV.

Figure 4 (lower panel) shows the potential energy surface of 278Ds. The deformation parameters are
α2 = 0.18, α4 = −0.01, and α6 = 0.007. The mixing weight and spherical shell energies of 268Ds at
the saddle point are shown in Fig. 6. In this case, the smaller side of the neutron weight reaches the
N ′ = 126 neutron shell closure, and also the smaller side of the proton weight reaches the Z ′ = 82
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proton shell closure. These two regions of weights produce the minimum of the saddle, and further-
more the weights in the smaller particle region (or inner nuclear region) have large values, as shown
in the figures. In other words, this configuration can be regarded as a component of the core of 208Pb
(Z = 82 and N = 126) plus (collective) valence nucleons. Thus, this configuration has a saddle point
with much lower values: 1–3 MeV in this mass region.

3.3. Limit of existence of nuclei from systematics of fission-barrier heights
Again going back to Fig. 2, we can see some isolated “islands” in the neutron-deficient heavy and
superheavy mass region. The island in the lighter-mass region is found along N = 126 with Z ≈ 114
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proton shell closure. These two regions of weights produce the minimum of the saddle, and further-
more the weights in the smaller particle region (or inner nuclear region) have large values, as shown
in the figures. In other words, this configuration can be regarded as a component of the core of 208Pb
(Z = 82 and N = 126) plus (collective) valence nucleons. Thus, this configuration has a saddle point
with much lower values: 1–3 MeV in this mass region.

3.3. Limit of existence of nuclei from systematics of fission-barrier heights
Again going back to Fig. 2, we can see some isolated “islands” in the neutron-deficient heavy and
superheavy mass region. The island in the lighter-mass region is found along N = 126 with Z ≈ 114
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mark: FRLDM [7]. In the theoretical values, only the highest fission barriers are plotted because only the
highest barriers appeared in the original papers [7,9].

the Th, Pa, and U regions. The RMS deviation for the same nuclei is 0.61 MeV, and the average
difference from the experimental value is +0.05 MeV. We also plotted the FRLDM [7], which is
the latest version of the macroscopic–microscopic approach and which uses 5D parametrization that
includes a parameter for asymmetry. The RMS deviation is 0.77 MeV, and the average differences is
−0.19 MeV.

3.2. Landscape of fission-barrier height
Figure 2 shows the fission-barrier heights for symmetric shapes in the heavy and superheavy nuclear-
mass region ranging from 76 to 148 of Z , and from 120 to 270 of N . Known nuclei are indicated
by small black squares. In the known nuclear region, there is a kind of “hill” around Z ≈ 100 and
N ≈ 150. The fission barrier in this region is about 6 MeV and it is higher than those of neighboring
nuclei. This region includes actinide nuclei with measured fission-barrier heights as shown in Fig. 1.
Another “basin” region is also found around Z ≈ 110 and N ≈ 168. The heights of these nuclei are
generally lower than those of neighboring nuclei, and are in the range of 1–3 MeV. These nuclei are
expected to be fissioning nuclei due to their lower fission barriers. Actually, spontaneously fissioning
nuclei [16,17] were found experimentally, shown as open squares in Fig. 2, which, as expected, are
in the same region.

Similar results are found for the ETFSI method, as shown in Fig. 3. The regions of higher (“hill”)
and lower (“basin”) barriers are also seen, although the location of the “basin” is shifted to the
neutron-richer side and is away from the experimentally fissioning region. Note that the fission
barriers of the ETFSI method are calculated from deformed single-particle levels.

In order to clarify the origin of the significantly higher and lower barriers than those of surrounding
nuclei in our method, as shown in Fig. 2, we show two cases: 252Fm (Z = 100, N = 152) as a case
of a “hill” region, and 278Ds (Z = 110, N = 168) as a case of a “basin” region. Figure 4 (upper)
shows the potential energy surface of 252Fm. The deformation parameters at the saddle point are
α2 = 0.27, α4 = 0.03, and α6 = 0.01. Generally, the neutron and proton numbers of a well deformed
nucleus are far from the number of a closed-shell number, or a magic number. In the spherical-basis
method, if a nucleus is deformed, the weighted sum of the spherical shell energies decreases, while
the sum of the macroscopic deformed liquid-drop energy increases. An explanation of the lowering
of the energy due to the weighted sum is given as follows. Figure 5 shows the mixing weight in
this deformation and corresponding spherical shell energies in the case of a saddle-point shape. In
such a well deformed shape, minimum and maximum radii exist, and the corresponding numbers of
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expressed as

R(θ) = R0

λ
[1 + α2 P2(cos θ) + α4 P4(cos θ) + α6 P6(cos θ)] , (3)

where λ is introduced to guarantee volume conservation and is defined as

λ =
[

1 + 3
4π

(
4π

5
α2

2 + 4π

9
α4

2 + 4π

13
α6

2
)]1/3

. (4)

In order to analyze just the qualitative properties, we expand the liquid-drop parts %Esurf and
%ECoul in terms of the deformation parameters (α2,4,6, including the cross terms) and use the terms
up to the fourth order. This reduces computational time by omitting the four-dimensional numerical
integrals of the Coulomb energy. If we compare this fourth-order approximation with the full calcu-
lations for a few selected nuclei, we see that it is accurate to within a deformation of α2 ≤ 0.4–0.5.
We thus focus primarily on α2 < 0.4.

We would like to emphasize that these parameter values are not changed or optimized for the
fission-barrier height: they are the ones that best reproduced the experimental ground-state masses,
as presented in the initial paper [10].

Finding a saddle point in multiparameter space is essentially difficult; see, e.g., Ref. [7]. Thus, we
simply performed a 2D saddle-point search; i.e., we first calculated the shell energy with various
values of α2 and α4, with α6 = 0, then we found the minimum with respect to α6. Next, we searched
for a saddle point by looking for a location at which there was both positive and negative curvature
in each set of orthogonal coordinates. After the search, we inspected selected cases to ascertain the
validity of the search method, and we found no unreasonable results. We used a mesh size of 0.01
for α2 and α4, and 0.001 for α6. For the ground-state mass, a more accurate search for the minimum
was carried out.

3. Results and discussion
3.1. Comparison of experimental and calculated fission-barrier heights
Figure 1 shows a comparison between the experimental fission-barrier heights [15] and the heights
calculated using models for radium and actinide isotopes (Z = 88–96). In the case of the experi-
mental barrier heights, both the inner and outer barriers are indicated if they are experimentally
identified. The experimental barrier heights [15] lie in the range of 4–9 MeV. Our estimated barrier
heights generally matched the higher barrier from among the inner and outer experimental barri-
ers, like Np, Pu, Am, and Cm. In the case of the Th, Pa, and U regions, however, the heights were
overestimated by ∼1 MeV. From the experimental data in Ref. [15], the shapes of the outer barrier
for known isotopes from Th to Cm are known as mass asymmetry. In this paper, we only perform
calculations for symmetric shapes, and thus we cannot make a comparison among barriers in the Th,
Pa, and U regions because the shapes of these barriers appear to be asymmetric. We note that the
outer fission barrier would be lower if we included an additional degree of freedom for asymmetry.
If we adopt the higher barrier from among the inner and outer barriers as an experimental barrier for
comparison with the calculated ones, the RMS deviation from the experimental barrier for the 52
adopted nuclei is 0.71 MeV, and the average difference from the experimental value is +0.37 MeV.
For the extended Thomas–Fermi plus Strutinsky integral (ETFSI) [9], which is based on the Struti-
nsky approach with a two-body interaction as the Skyrme-type effective force, we adopted a β2, β4,
and β6 parametrization for the nuclear shape, which is essentially the same parametrization used
in this study. The ETFSI fission barriers well reproduce the experimental trends, including those in
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Fig. 3. Fission-barrier heights estimated by ETFSI [9].

neutrons and protons are also defined. In the case of neutrons, 97 is the corresponding number of
neutrons to the minimum radius, and 232 is the corresponding number to the maximum radius. The
summation is conducted through this range. In the case of protons, 64 and 152 are the smallest and
largest numbers of protons. In Fig. 5, the end of the left side is the minimum number, and the end of
the right side is the maximum number. Of these four numbers of nucleons, only 232 for neutrons is
the closest number to the closed shell, 228. The weighted sum of spherical shell energies lowers the
total energy, and the appearance of the saddle in this case comes from the 228 neutron shell closure.
The other three sides of the weight (fewer neutrons and both more and fewer protons) do not reach
strong shell closures, and thus do not lower the saddle point. The energy is therefore not lowered by
much: ∼6 MeV.

Figure 4 (lower panel) shows the potential energy surface of 278Ds. The deformation parameters are
α2 = 0.18, α4 = −0.01, and α6 = 0.007. The mixing weight and spherical shell energies of 268Ds at
the saddle point are shown in Fig. 6. In this case, the smaller side of the neutron weight reaches the
N ′ = 126 neutron shell closure, and also the smaller side of the proton weight reaches the Z ′ = 82
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proton shell closure. These two regions of weights produce the minimum of the saddle, and further-
more the weights in the smaller particle region (or inner nuclear region) have large values, as shown
in the figures. In other words, this configuration can be regarded as a component of the core of 208Pb
(Z = 82 and N = 126) plus (collective) valence nucleons. Thus, this configuration has a saddle point
with much lower values: 1–3 MeV in this mass region.

3.3. Limit of existence of nuclei from systematics of fission-barrier heights
Again going back to Fig. 2, we can see some isolated “islands” in the neutron-deficient heavy and
superheavy mass region. The island in the lighter-mass region is found along N = 126 with Z ≈ 114
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and 126. This island is caused as a result of the strong shell closure of N = 126 and Z = 114 and 126,
and the barrier heights of these nuclei are more than 8 MeV. However, the existence of nuclei in this
region is unexpected because this region is far outside the proton drip line. Because of the existence of
this island, the fission barriers of the neutron-deficient nuclei near N ∼ 126 are enhanced, compared
to the macroscopic estimation, and some nuclei such as U and Pu isotopes would be expected to
have longer half-lives, and have more heavy-ion synthesis cross sections due to an enhancement of
the evaporation-residue cross section.

The island along N = 184 with Z between approximately 114 and 126 is expected to be an island
of stability in the superheavy mass region. The estimated barrier height is more than 8 MeV. The
adopted nuclear potential in this work results in doubly magic spherical single-particle levels for
298Fl (Z = 114) and 310[126] [18]. The proton shell gaps of 114 for 298Fl and 126 for 310[126] are
comparable (actually the gap of 126 is slightly larger than that of 114), and this property results in
the creation of an island.

In the much heavier region, a peninsula appeared along N = 228 with Z between 114 and 126.
This enhanced region is due to the strong shell gap of N = 228, and the reason the well defined
island disappeared is that the nucleus 354[126] is not a doubly magic nucleus in this nuclear potential
(see Ref. [18]). Nevertheless, the barrier height of this nucleus is obtained as 6.59 MeV, comparable
with those of the known actinides, as shown in Fig. 1, and α2 at the saddle point is 0.12. Further-
more, this nucleus is estimated to be β-stable [18]. Therefore, we can expect that this nucleus has a
comparatively long half-life.

3.4. Borders of the inner and outer fission barriers
Figure 7 shows the deformation parameter α2 at the saddle point. In the known actinide region
(90 < Z < 103 and 120 < N < 160), there is a distinct border of α2 ≈ 0.4. As we move from the
border in the direction of higher Z , the saddle-point α2 deformation is approximately 0.2–0.3, and
the highest saddle point is the inner one if the outer barrier exists. As we move toward lower Z , the
saddle-point α2 deformation is more than 0.4, and the highest saddle point is the outer one if the
inner barrier exists. If we compare these to the experimentally determined locations of such transi-
tions, as shown in Fig. 1, we see that the calculated location of the transition is shifted to a region in
which Z includes one or two more protons. Our calculations reproduced the qualitative trend of the
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Fig. 1. Comparison between calculated and experimental fission-barrier heights. Circle: experiment [15]; open
circle represents outer barrier, filled circle represents inner barrier. Square: this study. Cross: ETFSI [9]. Hash
mark: FRLDM [7]. In the theoretical values, only the highest fission barriers are plotted because only the
highest barriers appeared in the original papers [7,9].

the Th, Pa, and U regions. The RMS deviation for the same nuclei is 0.61 MeV, and the average
difference from the experimental value is +0.05 MeV. We also plotted the FRLDM [7], which is
the latest version of the macroscopic–microscopic approach and which uses 5D parametrization that
includes a parameter for asymmetry. The RMS deviation is 0.77 MeV, and the average differences is
−0.19 MeV.

3.2. Landscape of fission-barrier height
Figure 2 shows the fission-barrier heights for symmetric shapes in the heavy and superheavy nuclear-
mass region ranging from 76 to 148 of Z , and from 120 to 270 of N . Known nuclei are indicated
by small black squares. In the known nuclear region, there is a kind of “hill” around Z ≈ 100 and
N ≈ 150. The fission barrier in this region is about 6 MeV and it is higher than those of neighboring
nuclei. This region includes actinide nuclei with measured fission-barrier heights as shown in Fig. 1.
Another “basin” region is also found around Z ≈ 110 and N ≈ 168. The heights of these nuclei are
generally lower than those of neighboring nuclei, and are in the range of 1–3 MeV. These nuclei are
expected to be fissioning nuclei due to their lower fission barriers. Actually, spontaneously fissioning
nuclei [16,17] were found experimentally, shown as open squares in Fig. 2, which, as expected, are
in the same region.

Similar results are found for the ETFSI method, as shown in Fig. 3. The regions of higher (“hill”)
and lower (“basin”) barriers are also seen, although the location of the “basin” is shifted to the
neutron-richer side and is away from the experimentally fissioning region. Note that the fission
barriers of the ETFSI method are calculated from deformed single-particle levels.

In order to clarify the origin of the significantly higher and lower barriers than those of surrounding
nuclei in our method, as shown in Fig. 2, we show two cases: 252Fm (Z = 100, N = 152) as a case
of a “hill” region, and 278Ds (Z = 110, N = 168) as a case of a “basin” region. Figure 4 (upper)
shows the potential energy surface of 252Fm. The deformation parameters at the saddle point are
α2 = 0.27, α4 = 0.03, and α6 = 0.01. Generally, the neutron and proton numbers of a well deformed
nucleus are far from the number of a closed-shell number, or a magic number. In the spherical-basis
method, if a nucleus is deformed, the weighted sum of the spherical shell energies decreases, while
the sum of the macroscopic deformed liquid-drop energy increases. An explanation of the lowering
of the energy due to the weighted sum is given as follows. Figure 5 shows the mixing weight in
this deformation and corresponding spherical shell energies in the case of a saddle-point shape. In
such a well deformed shape, minimum and maximum radii exist, and the corresponding numbers of
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expressed as

R(θ) = R0

λ
[1 + α2 P2(cos θ) + α4 P4(cos θ) + α6 P6(cos θ)] , (3)

where λ is introduced to guarantee volume conservation and is defined as

λ =
[

1 + 3
4π

(
4π

5
α2

2 + 4π

9
α4

2 + 4π

13
α6

2
)]1/3

. (4)

In order to analyze just the qualitative properties, we expand the liquid-drop parts %Esurf and
%ECoul in terms of the deformation parameters (α2,4,6, including the cross terms) and use the terms
up to the fourth order. This reduces computational time by omitting the four-dimensional numerical
integrals of the Coulomb energy. If we compare this fourth-order approximation with the full calcu-
lations for a few selected nuclei, we see that it is accurate to within a deformation of α2 ≤ 0.4–0.5.
We thus focus primarily on α2 < 0.4.

We would like to emphasize that these parameter values are not changed or optimized for the
fission-barrier height: they are the ones that best reproduced the experimental ground-state masses,
as presented in the initial paper [10].

Finding a saddle point in multiparameter space is essentially difficult; see, e.g., Ref. [7]. Thus, we
simply performed a 2D saddle-point search; i.e., we first calculated the shell energy with various
values of α2 and α4, with α6 = 0, then we found the minimum with respect to α6. Next, we searched
for a saddle point by looking for a location at which there was both positive and negative curvature
in each set of orthogonal coordinates. After the search, we inspected selected cases to ascertain the
validity of the search method, and we found no unreasonable results. We used a mesh size of 0.01
for α2 and α4, and 0.001 for α6. For the ground-state mass, a more accurate search for the minimum
was carried out.

3. Results and discussion
3.1. Comparison of experimental and calculated fission-barrier heights
Figure 1 shows a comparison between the experimental fission-barrier heights [15] and the heights
calculated using models for radium and actinide isotopes (Z = 88–96). In the case of the experi-
mental barrier heights, both the inner and outer barriers are indicated if they are experimentally
identified. The experimental barrier heights [15] lie in the range of 4–9 MeV. Our estimated barrier
heights generally matched the higher barrier from among the inner and outer experimental barri-
ers, like Np, Pu, Am, and Cm. In the case of the Th, Pa, and U regions, however, the heights were
overestimated by ∼1 MeV. From the experimental data in Ref. [15], the shapes of the outer barrier
for known isotopes from Th to Cm are known as mass asymmetry. In this paper, we only perform
calculations for symmetric shapes, and thus we cannot make a comparison among barriers in the Th,
Pa, and U regions because the shapes of these barriers appear to be asymmetric. We note that the
outer fission barrier would be lower if we included an additional degree of freedom for asymmetry.
If we adopt the higher barrier from among the inner and outer barriers as an experimental barrier for
comparison with the calculated ones, the RMS deviation from the experimental barrier for the 52
adopted nuclei is 0.71 MeV, and the average difference from the experimental value is +0.37 MeV.
For the extended Thomas–Fermi plus Strutinsky integral (ETFSI) [9], which is based on the Struti-
nsky approach with a two-body interaction as the Skyrme-type effective force, we adopted a β2, β4,
and β6 parametrization for the nuclear shape, which is essentially the same parametrization used
in this study. The ETFSI fission barriers well reproduce the experimental trends, including those in
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neutrons and protons are also defined. In the case of neutrons, 97 is the corresponding number of
neutrons to the minimum radius, and 232 is the corresponding number to the maximum radius. The
summation is conducted through this range. In the case of protons, 64 and 152 are the smallest and
largest numbers of protons. In Fig. 5, the end of the left side is the minimum number, and the end of
the right side is the maximum number. Of these four numbers of nucleons, only 232 for neutrons is
the closest number to the closed shell, 228. The weighted sum of spherical shell energies lowers the
total energy, and the appearance of the saddle in this case comes from the 228 neutron shell closure.
The other three sides of the weight (fewer neutrons and both more and fewer protons) do not reach
strong shell closures, and thus do not lower the saddle point. The energy is therefore not lowered by
much: ∼6 MeV.

Figure 4 (lower panel) shows the potential energy surface of 278Ds. The deformation parameters are
α2 = 0.18, α4 = −0.01, and α6 = 0.007. The mixing weight and spherical shell energies of 268Ds at
the saddle point are shown in Fig. 6. In this case, the smaller side of the neutron weight reaches the
N ′ = 126 neutron shell closure, and also the smaller side of the proton weight reaches the Z ′ = 82
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proton shell closure. These two regions of weights produce the minimum of the saddle, and further-
more the weights in the smaller particle region (or inner nuclear region) have large values, as shown
in the figures. In other words, this configuration can be regarded as a component of the core of 208Pb
(Z = 82 and N = 126) plus (collective) valence nucleons. Thus, this configuration has a saddle point
with much lower values: 1–3 MeV in this mass region.

3.3. Limit of existence of nuclei from systematics of fission-barrier heights
Again going back to Fig. 2, we can see some isolated “islands” in the neutron-deficient heavy and
superheavy mass region. The island in the lighter-mass region is found along N = 126 with Z ≈ 114
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for 252Fm. Each quantity appears in Eq. (1). (Right) Shape at the saddle point for 252Fm.

proton shell closure. These two regions of weights produce the minimum of the saddle, and further-
more the weights in the smaller particle region (or inner nuclear region) have large values, as shown
in the figures. In other words, this configuration can be regarded as a component of the core of 208Pb
(Z = 82 and N = 126) plus (collective) valence nucleons. Thus, this configuration has a saddle point
with much lower values: 1–3 MeV in this mass region.

3.3. Limit of existence of nuclei from systematics of fission-barrier heights
Again going back to Fig. 2, we can see some isolated “islands” in the neutron-deficient heavy and
superheavy mass region. The island in the lighter-mass region is found along N = 126 with Z ≈ 114
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proton shell closure. These two regions of weights produce the minimum of the saddle, and further-
more the weights in the smaller particle region (or inner nuclear region) have large values, as shown
in the figures. In other words, this configuration can be regarded as a component of the core of 208Pb
(Z = 82 and N = 126) plus (collective) valence nucleons. Thus, this configuration has a saddle point
with much lower values: 1–3 MeV in this mass region.

3.3. Limit of existence of nuclei from systematics of fission-barrier heights
Again going back to Fig. 2, we can see some isolated “islands” in the neutron-deficient heavy and
superheavy mass region. The island in the lighter-mass region is found along N = 126 with Z ≈ 114
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Fig. 6. (Left) Mixing weights and corresponding spherical shell energies at the saddle point for 278Ds. (Right)
Shape at the saddle point for 278Ds. See explanation in Fig. 5.

and 126. This island is caused as a result of the strong shell closure of N = 126 and Z = 114 and 126,
and the barrier heights of these nuclei are more than 8 MeV. However, the existence of nuclei in this
region is unexpected because this region is far outside the proton drip line. Because of the existence of
this island, the fission barriers of the neutron-deficient nuclei near N ∼ 126 are enhanced, compared
to the macroscopic estimation, and some nuclei such as U and Pu isotopes would be expected to
have longer half-lives, and have more heavy-ion synthesis cross sections due to an enhancement of
the evaporation-residue cross section.

The island along N = 184 with Z between approximately 114 and 126 is expected to be an island
of stability in the superheavy mass region. The estimated barrier height is more than 8 MeV. The
adopted nuclear potential in this work results in doubly magic spherical single-particle levels for
298Fl (Z = 114) and 310[126] [18]. The proton shell gaps of 114 for 298Fl and 126 for 310[126] are
comparable (actually the gap of 126 is slightly larger than that of 114), and this property results in
the creation of an island.

In the much heavier region, a peninsula appeared along N = 228 with Z between 114 and 126.
This enhanced region is due to the strong shell gap of N = 228, and the reason the well defined
island disappeared is that the nucleus 354[126] is not a doubly magic nucleus in this nuclear potential
(see Ref. [18]). Nevertheless, the barrier height of this nucleus is obtained as 6.59 MeV, comparable
with those of the known actinides, as shown in Fig. 1, and α2 at the saddle point is 0.12. Further-
more, this nucleus is estimated to be β-stable [18]. Therefore, we can expect that this nucleus has a
comparatively long half-life.

3.4. Borders of the inner and outer fission barriers
Figure 7 shows the deformation parameter α2 at the saddle point. In the known actinide region
(90 < Z < 103 and 120 < N < 160), there is a distinct border of α2 ≈ 0.4. As we move from the
border in the direction of higher Z , the saddle-point α2 deformation is approximately 0.2–0.3, and
the highest saddle point is the inner one if the outer barrier exists. As we move toward lower Z , the
saddle-point α2 deformation is more than 0.4, and the highest saddle point is the outer one if the
inner barrier exists. If we compare these to the experimentally determined locations of such transi-
tions, as shown in Fig. 1, we see that the calculated location of the transition is shifted to a region in
which Z includes one or two more protons. Our calculations reproduced the qualitative trend of the
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Fig. 1. Comparison between calculated and experimental fission-barrier heights. Circle: experiment [15]; open
circle represents outer barrier, filled circle represents inner barrier. Square: this study. Cross: ETFSI [9]. Hash
mark: FRLDM [7]. In the theoretical values, only the highest fission barriers are plotted because only the
highest barriers appeared in the original papers [7,9].

the Th, Pa, and U regions. The RMS deviation for the same nuclei is 0.61 MeV, and the average
difference from the experimental value is +0.05 MeV. We also plotted the FRLDM [7], which is
the latest version of the macroscopic–microscopic approach and which uses 5D parametrization that
includes a parameter for asymmetry. The RMS deviation is 0.77 MeV, and the average differences is
−0.19 MeV.

3.2. Landscape of fission-barrier height
Figure 2 shows the fission-barrier heights for symmetric shapes in the heavy and superheavy nuclear-
mass region ranging from 76 to 148 of Z , and from 120 to 270 of N . Known nuclei are indicated
by small black squares. In the known nuclear region, there is a kind of “hill” around Z ≈ 100 and
N ≈ 150. The fission barrier in this region is about 6 MeV and it is higher than those of neighboring
nuclei. This region includes actinide nuclei with measured fission-barrier heights as shown in Fig. 1.
Another “basin” region is also found around Z ≈ 110 and N ≈ 168. The heights of these nuclei are
generally lower than those of neighboring nuclei, and are in the range of 1–3 MeV. These nuclei are
expected to be fissioning nuclei due to their lower fission barriers. Actually, spontaneously fissioning
nuclei [16,17] were found experimentally, shown as open squares in Fig. 2, which, as expected, are
in the same region.

Similar results are found for the ETFSI method, as shown in Fig. 3. The regions of higher (“hill”)
and lower (“basin”) barriers are also seen, although the location of the “basin” is shifted to the
neutron-richer side and is away from the experimentally fissioning region. Note that the fission
barriers of the ETFSI method are calculated from deformed single-particle levels.

In order to clarify the origin of the significantly higher and lower barriers than those of surrounding
nuclei in our method, as shown in Fig. 2, we show two cases: 252Fm (Z = 100, N = 152) as a case
of a “hill” region, and 278Ds (Z = 110, N = 168) as a case of a “basin” region. Figure 4 (upper)
shows the potential energy surface of 252Fm. The deformation parameters at the saddle point are
α2 = 0.27, α4 = 0.03, and α6 = 0.01. Generally, the neutron and proton numbers of a well deformed
nucleus are far from the number of a closed-shell number, or a magic number. In the spherical-basis
method, if a nucleus is deformed, the weighted sum of the spherical shell energies decreases, while
the sum of the macroscopic deformed liquid-drop energy increases. An explanation of the lowering
of the energy due to the weighted sum is given as follows. Figure 5 shows the mixing weight in
this deformation and corresponding spherical shell energies in the case of a saddle-point shape. In
such a well deformed shape, minimum and maximum radii exist, and the corresponding numbers of
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expressed as

R(θ) = R0

λ
[1 + α2 P2(cos θ) + α4 P4(cos θ) + α6 P6(cos θ)] , (3)

where λ is introduced to guarantee volume conservation and is defined as

λ =
[

1 + 3
4π

(
4π

5
α2

2 + 4π

9
α4

2 + 4π

13
α6

2
)]1/3

. (4)

In order to analyze just the qualitative properties, we expand the liquid-drop parts %Esurf and
%ECoul in terms of the deformation parameters (α2,4,6, including the cross terms) and use the terms
up to the fourth order. This reduces computational time by omitting the four-dimensional numerical
integrals of the Coulomb energy. If we compare this fourth-order approximation with the full calcu-
lations for a few selected nuclei, we see that it is accurate to within a deformation of α2 ≤ 0.4–0.5.
We thus focus primarily on α2 < 0.4.

We would like to emphasize that these parameter values are not changed or optimized for the
fission-barrier height: they are the ones that best reproduced the experimental ground-state masses,
as presented in the initial paper [10].

Finding a saddle point in multiparameter space is essentially difficult; see, e.g., Ref. [7]. Thus, we
simply performed a 2D saddle-point search; i.e., we first calculated the shell energy with various
values of α2 and α4, with α6 = 0, then we found the minimum with respect to α6. Next, we searched
for a saddle point by looking for a location at which there was both positive and negative curvature
in each set of orthogonal coordinates. After the search, we inspected selected cases to ascertain the
validity of the search method, and we found no unreasonable results. We used a mesh size of 0.01
for α2 and α4, and 0.001 for α6. For the ground-state mass, a more accurate search for the minimum
was carried out.

3. Results and discussion
3.1. Comparison of experimental and calculated fission-barrier heights
Figure 1 shows a comparison between the experimental fission-barrier heights [15] and the heights
calculated using models for radium and actinide isotopes (Z = 88–96). In the case of the experi-
mental barrier heights, both the inner and outer barriers are indicated if they are experimentally
identified. The experimental barrier heights [15] lie in the range of 4–9 MeV. Our estimated barrier
heights generally matched the higher barrier from among the inner and outer experimental barri-
ers, like Np, Pu, Am, and Cm. In the case of the Th, Pa, and U regions, however, the heights were
overestimated by ∼1 MeV. From the experimental data in Ref. [15], the shapes of the outer barrier
for known isotopes from Th to Cm are known as mass asymmetry. In this paper, we only perform
calculations for symmetric shapes, and thus we cannot make a comparison among barriers in the Th,
Pa, and U regions because the shapes of these barriers appear to be asymmetric. We note that the
outer fission barrier would be lower if we included an additional degree of freedom for asymmetry.
If we adopt the higher barrier from among the inner and outer barriers as an experimental barrier for
comparison with the calculated ones, the RMS deviation from the experimental barrier for the 52
adopted nuclei is 0.71 MeV, and the average difference from the experimental value is +0.37 MeV.
For the extended Thomas–Fermi plus Strutinsky integral (ETFSI) [9], which is based on the Struti-
nsky approach with a two-body interaction as the Skyrme-type effective force, we adopted a β2, β4,
and β6 parametrization for the nuclear shape, which is essentially the same parametrization used
in this study. The ETFSI fission barriers well reproduce the experimental trends, including those in

4/10

 at Japan A
tom

ic Energy R
esearch Institute on N

ovem
ber 25, 2014

http://ptep.oxfordjournals.org/
D

ow
nloaded from

 



Energy surface V

Adjustable parameter 

-0.20 -0.10 -0.00 0.10 0.20 0.30 0.40

0.10

0.05

0.00

-0.05

-0.10

ξ

α2

α
4

   k
h, Δoo

for e-e nuclei

for odd-A, o-o nuclei

     
Log10(TSF) = Log10 1 + exp [2

hK]

+Log10(NColl) – 0.159
+ hδodd Z+ hδodd N– Δooδodd Zδodd N

K = 2M(V(ξ) – Egs) dξ

M = kµ, µ:reduced mass
dξ = r0 A1 / 3dα
r0 = 1.2fm, Log10(NColl) = 20.38

δodd Z = 0 for even–Z
1 for odd–Z, δodd N = 0 for even–N

1 for odd–N,

• 原子核の形状:α2,α4,α6(軸対称・反転対称)

• １次元WKB法で透過確率を計算

核分裂(2)：自発核分裂部分半減期の推定



odd-odd nuclei: 
o-o correction -Δoo=-2.83 

 is added

Even-even nuclei odd-A nuclei
25

20

15

10

5

0

-5

-10

lo
g 1

0(T
SF

ee
/(s

))

172168164160156152148144140

Neutron number N

U

Pu

Cm

Cf

Fm

No

Rf Sg
Ds
(110)

 Exp(e-e)
 Th(e-e)

            (k =0.60)

RMS dev.=3.64

-10

-5

0

5

lo
g 1

0(T
SF

TH
ee

/(s
))-

lo
g 1

0(T
SF

Ex
p/(

s)
)

10410096

Proton number Z

−(ave.)=4.276
           ≡h

RMS dev.=3.9
(with h )

odd-A

Tsf(s) の実験値と計算値との比較



130 140 150 160 170 180 190 200

130

120

110

100

90

Pr
ot
on
 n
um
be
r Z

-15 -10 -5 0 5 10
log10(Tsf/(s))

12.0

6.0

0.0

-6.0

130 140 150 160 170 180 190 200

130

120

110

100

90

Neutron number N

Pr
ot
on
 n
um
be
r Z

234Bk 260Db 264Bh

278[113]

log10(1h)≈3.6
log10(1d)≈4.9
log10(1y)≈7.5

Calculated log10(Tsf/(s)) for odd-odd nuclei

(SF?) (SF)(Fission events 
near 234Bk)

RIKEN exp.
2002:234Bk
2003:272[111]
to 264Bh and 
    260Db

Hindr. factor
h=3.54
Δoo=3.0



100 120 140 160 180

120

100

80

60

40

20

Neutron number N

-20 -15 -10 -5 0 5 10
log10(Ttotal/(s))

-1.5

-2.5

-2.0

-3.0

contour:only n-rich

Log10(Ttotal/(s)) (α, β, sf)

100 120 140 160 180

120

100

80

60

40

20

Neutron number N

-20 -15 -10 -5 0 5 10
log10(Ttotal/(s))

Log10(Texp/(s)) (ENSDF2000,August)

Total half lives( N≤200)
Pr

ot
on

 n
um

be
r Z

Pr
ot

on
 n

um
be

r Z

T(298Hs)=10-10s

T(295[112])= 1yr(α)
T(298[114])=10d(α)

208Pb

235U

stable nucleus: open

1
Ttotal

=
1
T�

+
1
T�

+
1

Tsf

既知核を良く再現し未知核種領
域を予測している



100

80

60Pr
ot

on
 n

um
be

r Z
 

α-decay dominance
β-decay dom.
 p-emission dom.
 spontaneous fission dom.
 β-stable

         for nuclei with Ttotal>10−9 (s)
--------------------------------------------

 known nuclides (till 2000)

Theoretical estimation 
of decay modes

208Pb

132Sn

235U

100

80

60Pr
ot

on
 n

um
be

r Z

1601401201008060
Neutron number N

Experiment
(ENSDF2000+recent)

coex. of α and β

推定に用いたQ値:KUTY質量公
式

●自発核分裂優勢領域 
(1)  Z≈90,N≈110~120  
(2)  Z≈130~170, p-drip線近
傍  
(3)  Z≈106, N≈168 

Fission
(1)

(2)
(3)

既知核を良く再現し
未知核種領域を予測し

ている



140

120

100

80

60

40

陽
子
数
（
原
子
番
号
）
Z 

240220200180160140120100

中性子数N

278[113]165

α崩壊優勢
β崩壊優勢
自発核分裂優勢
陽子放出優勢
陽子ドリップ線(KTUY)
β安定核(KTUY)
既知核種(2004年)

N=126 N=184 N=228

Z=50

Z=82

Z=114

Z=126

208Pb

235U

298[114]184

r過程元素合成経路の一例

294Ds184

Z=101での部分半減期



各崩壊の部分半減期

-15
-12
-9
-6
-3
0
3
6
9
12

部
分
半
減
期
 lo
g 1

0(T
α
,β ,
p,
sf
/(s
))

170160150140130120
中性子数 N

陽子数Z=101

α崩壊

β崩壊

陽子放出

自発核分裂
陽子ドリップ線

分

日
年

秒

ナノ秒

この領域は
β安定又は
β長寿命
この領域は
β安定又は
β長寿命

陽子放出: 陽子ドリップ線の(かなり)外から有意な寿命. かなり急変化.

α崩壊: 

β崩壊: 1ms程度以上をなだらかに推移. N=154-162付近で長寿命orβ安定.
自発核分裂: 核子数依存性が大きい (閉殻およびその中間領域が長寿命)

自発核分裂、陽子放出＞＞α崩壊＞ベータ崩壊



r-process 
nucleosynthesis



原子核の起源の理論的探求：星の元素合成

鉄(Fe)より重い原子核の現在の理解
•Fe-Bi：赤色巨星によって作られた(s過程(slow process)
•Fe-U：超新星爆発によって作られた(r過程(rapid process))

小浦、核データニュース101, (2012)
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• S-process:遅中性子捕獲過程。
赤色巨星などで数千年程度かけ
て中性子捕獲反応が進む。

• R-process:速中性子捕獲過程。
超新星爆発などで数秒で中性子

捕獲反応が進む。



水素・ヘリウム
(多い)

太陽系における同位体の存在比

56Fe付近
(周りに比べて多い)

トリウム、ウラン
(孤立している)

なぜこのような存在比となっているのだろうか？

縦
軸
は
陽
子
の
数

横軸は中性子の数

H. Koura, Phys. Educ. 49 (2014)
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α崩壊とβ崩壊を考慮した半減期計算値

(only α- and β- decay )

120

100

80

60

40

20

0

Pr
ot

on
 n

um
be

r Z

200180160140120100806040200

Neutron number N

 T1/2 ≤ 0.01s
 0.1s ≥ T1/2 >0.01s
 1s ≥ T1/2 >0.1s
 T1/2 >1s
 Mass measured nuclei (AW95)
 r-process path of KUTY00

       (Canonical model)

T1/2: estimated from the Gross theory for Tβ
        and a phenomenological relation for Tα
         by using KUTY mass formula

r過程経路核：0.1-0.01s
r過程後β崩壊核：0.1s-

1
T1/2

=
1
T�

+
1
T⇥



N=50(Magic number,  is small)
(Magic number, (Magic number, λn is small) is small)

Stable

StableStable-unstable

β-unstable-unstable

56Fe 57Fe 58Fe

59Co

60Ni 61Ni 62Ni

59Fe 60Fe

60Co(seed)

56Fe(seed)(seed)

S- and R-process path from 56Fe regarded as a seed nucleus

n n n 76Fe

77Co76Co

78Ni77Ni

n n nn

n<< => s-procssn>> => r-procssλnn<<<<λβ =>  => s-procsss-procss
λnn>>>>λβ =>  => r-procssr-procss<<>>

Nn=106cm−3      =>λn=3X10−12s−1<<<<λβ=>s-process
Nn=1020cm−3    =>λn=3X102s−1     >>>>λβ=>r-process

(vT<σ>(59Fe)=3X10−18cm3/s)ex. 59Fe
λβ=ln2/Tβ1/2
λn=NnvT<σ>thermal velocity at T

thermal velocity at Tthermal velocity at T  Maxwell-averaged cross section
 Maxwell-averaged cross section Maxwell-averaged cross sectionnumber density

number densitynumber density

n

n n

β(44.6d)

β

s-processs-processs-process
n

n

n

n n

β

β

βn>>

λnn>>>>λβ r-processr-processr-process

Unknown region 
(2004)

K. Takahashi



βdecay after r-processβdecay after r-processβdecay after r-process

s-process s-processs-process

n n n n

n

n

n n n

β

n
β

安定核

β不安定核

A

A

154 155

158

156 157 160

160

N=90

64GdGd

62SmSm

65TbTb

66DyDy

158

154

159

159

160 161 162 163 164

63EuEu

156

165

s

s

s s s s

s

s s s s

s- and r-process nuclei

sr sr sr sr

sr

sr sr sr srp p

XX

r

r

Stable

StableStableUnstable

UnstableUnstable

A

A



目的：原子核の起源の理論的探求　ー星の元素合成ー

鉄(Fe)より重い原子核の現在の理解
•Fe-Bi：赤色巨星によって作られた(s過程(slow process)
•Fe-U：超新星爆発によって作られた(r過程(rapid process))

小浦、核データニュース101, (2012)
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r-process nucleosynthesis 
and nuclear fission



  　Liquid-drop model +  Two-center shell model 

PES: 3-dim. deformation parameter space 
　- Center-of-mass distance: 
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　

　 
　- Deformation of fragment: 
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　 
　- Mass asymmetry: 

　

Potential Energy Surface (PES)

38

,   R : Radius of the spherical compound nucleus

A1
A2

Code:Yamaji-Iwamoto (70)

Tatsuda,Ohta

1. Fission Fragment mass distribution



Path of fragments in the 3-dim. deformation space
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Liquid Drop (LD) Part

α

δ

scission

LD+(Microscopic correction)

saddle

258Pu
Tatsuda,Ohta



Analysis of PES near Scission Point for Fm isotopes

Region of Symmetric/Asymmetric fission

40
Tatsuda,Ohta



Asymmetric coefficient α

Result - Asymmetric parameter
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Results - 236U, 239U, 240Pu, 234Am, 248Cm, 236U
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JENDL: Evaluated experimental data
Katakura: Empirical FFMD formula (function of A)

Distribution width:Sum of 3 gauss. on analysis of multi-dim. Langevin eq.
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ウランの同位体比(天然)

これを利用



Region of β-delayed and n-induced fission
Nuclear masses and fission barrier:

KTUY (Koura-Tachibana-Uno-Yamada) mass formula
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β-delayed neutron emission and β-delayed fission

neutron emission
fission

• n-induced fission

•  β-delayed fission

2. β-delayed fission (β-df) probability



Level density formula (Gilbert-Cameron type)

β-delayed fission or neutron probability

Decay width Γn and Γf

β-delayed fission probability Pf 
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Sβ (E): β-strength function
λ: decay const. of β-decay
f (-E): Fermi function

Tachibana

Gross Theory of β-decay
(Tachibana,Yamada)

Qβ : β-decay Q-value
Sn: neutron sep. energy
Bf: fission barrier height
δW:shell energy

KTUY mass formula

�n(E) =
1
2⇥

1
⇤(E)

2MR2

�2
g

� E�Sn

0
⇤⇥(E � S � �)�d�
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(Kawano, Chiba,HK, JNST 43 (2006))
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k = f : delayed fission
k = n : delayed neutron
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exponential model        

R-process network calculation

Trajectory of supernova matter
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T9(t = 0) = 9

Sumiyoshi, Chiba, Otsuki, Kajino
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3. Effect of β-df to r-process abundance

Considered fission:only β-delayed fission



Time evolution of the r- process
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S=200, Bf -> BfKTUY-3MeV

Chiba25 sec in actual time



Results -r-process abundances (fission effect)

Little contribution to r process
-> To check the effect of fission, we reduce fission barrier by 3MeV.
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FFMD: 2-center shell. FFMD: Symmetric
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Results -r-process abundances (fission effect)
S=200, Bf -> BfKTUY-3MeV
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Accumulated fission mass fragments could compensate A~110, 150 
region.
(depends on predicted fission barrier heights)



Results -r-process abundances (S-dependency)
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Results - S-dependency of isotope ratio
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Summary

From Nuclear Physics of superheavy nuclei:
•Fission mass fragment calculation from a two-center shell model

-Symmetric fission region is rather localized around 264Fm(100,164).
•Beta-delayed fission probability from the KTUY mass model

-Region with large Pf is rather localized around 300Ds (110,190).
From the r-process study:
•Reaction Network calculation

-Fission fragment tends to compensate a discrepancy near A=110 and 
140 region (without adopting an N=82 quenching) Qualitatively!
-S has to be larger than 2-300 or more?  (by considering in our model. 
More analysis is required.)
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•Current status of experimental nuclei
- Recent dat are reviewed by using the JAEA Chart of the Nuclides 2014
•KTUY mass model (Spherical-basis method)
-Calculation of masses and fission barrier is reviewed
R-process and fission

Bulk properties of nuclei


