
量子アニーリングを用いた 
クラスタ分析
田中 宗 (早稲田大学 高等研究所) 
機械学習における重要な技術であるクラスタ分析に 
対する、量子アニーリングの性能評価を行った。 

量子モンテカルロ法を用いた擬似シミュレーションの結果、
シミュレーテッドアニーリングに比べ、量子アニーリングの
方が、性能面で優位であることを示唆する結果を得た。 

本講演では、量子アニーリングの基礎について述べた後、 
我々の研究結果について紹介する。

K. Kurihara, S. Tanaka, and S. Miyashita, UAI2009 
I. Sato, K. Kurihara, S. Tanaka, H. Nakagawa, and S. Miyashita, UAI2009 

I. Sato, S. Tanaka, K. Kurihara, S. Miyashita, and H. Nakagawa, Neurocomputing,121, 523 (2013) 
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２つのキーワード

量子アニーリング クラスタ分析
量子性を用いた 
新計算技術

分かることは 
分けること



講演の流れ
量子アニーリングの基礎 
　物理学と情報科学 
　量子アニーリングの性能に関する先行研究 
　量子アニーリングマシン D-Wave の性質

量子アニーリングを用いたクラスタ分析 
　クラスタ分析のモデリング 
　量子アニーリングの導入方法 
　量子アニーリングの優位性
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多数の要素の協同効果を表現する、最も簡単な統計力学模型

強磁性体 反強磁性体

H = �
�

�i,j�

Jij�
z
i �z

j �
�

i

hi�
z
i �z

i = ±1

スピン間の相互作用 スピンに働く磁場
Jij > 0
Jij < 0

：強磁性的相互作用
：反強磁性的相互作用

ランダム磁性体 一般に、 
基底状態を
求めること
は難しい
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多数の選択肢から、ベストな解を選ぶ問題
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多数の選択肢から、ベストな解を選ぶ問題

巡回セールスマン問題 
  ✔ 各点を一度だけ通過 
  ✔ 全ての点を回る 
  ✔ コストを最小にする条件
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多数の選択肢から、ベストな解を選ぶ問題

巡回セールスマン問題 
  ✔ 各点を一度だけ通過 
  ✔ 全ての点を回る 
  ✔ コストを最小にする条件
全ての選択肢を試した場合 
  点が少ない：簡単 
  点が多い　：困難 
  選択肢の数：N! 
  (10点:106 通り、20点:1018通り)
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多数の選択肢から、ベストな解を選ぶ問題

多変数実関数の最小値(最大値)を取る条件を求める問題
x� = argminxf(x)

問題の
サイズ

解の候補

x = (x1, · · · , xN )
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多数の選択肢から、ベストな解を選ぶ問題

多変数実関数の最小値(最大値)を取る条件を求める問題
x� = argminxf(x)

問題の
サイズ

解の候補

指数関数的増⼤大

x = (x1, · · · , xN )
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多数の選択肢から、ベストな解を選ぶ問題

多変数実関数の最小値(最大値)を取る条件を求める問題
x� = argminxf(x)

都市数 巡回経路路数 計算時間(京を利利⽤用として)

5 12 10-‐‑‒15秒
10 2x105 2x10-‐‑‒11秒
15 4x108 4x10-‐‑‒8秒
20 6x1016 6秒
25 3x1023 359⽇日
30 4x1030 1401万年年

x = (x1, · · · , xN )
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University of Tübingen, Science as Art, Wikipediaより図を抜粋

組合せ最適化問題の最適解 = イジングモデルの基底状態

Hopt. = �
�

�i,j�

Jij�
z
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イジングモデル

✔ 組合せ最適化問題のハミルトニアン 
✔ 基底状態を求めることは困難(組合せ爆発)

スピン(ビット)間 
相互作用

磁場(強制力)

様々な分野に、応用展開可能
集積回路設計
グラフ二分割問題
高分子安定構造決定

巡回セールスマン問題
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温める 
物質を構成する原子が、自在に動き回る。 
熱による「ゆらぎ」現象

冷やす(アニーリング) 
物質を構成する原子が、最適な位置に 
自然に落ち着く。 
安定状態が自然に作られる(自己組織化)。

自然現象から着想を得た計算技術

シミュレーテッド 
アニーリング 
通常のコンピュータを用いて実装可能な 
汎用アルゴリズム
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温度 
(熱ゆらぎ効果)

絶対ゼロ度(基底状態)

イジングモデルの基底状態を効率よく求める方法

Hopt. = �
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z
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イジングモデル

✔ 組合せ最適化問題のハミルトニアン 
✔ 基底状態を求めることは困難(組合せ爆発)

スピン(ビット)間 
相互作用

磁場(強制力)
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温度 
(熱ゆらぎ効果)

シミュレーテッドアニーリング 
温度を徐々に下げる

絶対ゼロ度(基底状態)

S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, Science, 220, 671 (1983).
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温度 
(熱ゆらぎ効果)

シミュレーテッドアニーリング 
温度を徐々に下げる

絶対ゼロ度(基底状態)

S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, Science, 220, 671 (1983).
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温度 
(熱ゆらぎ効果)

シミュレーテッドアニーリング 
温度を徐々に下げる

量子ゆらぎ効果

絶対ゼロ度(基底状態)

S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, Science, 220, 671 (1983).
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温度 
(熱ゆらぎ効果)

シミュレーテッドアニーリング 
温度を徐々に下げる

量子ゆらぎ効果

量子アニーリング 
量子効果を徐々に弱める
T. Kadowaki and H. Nishimori,  
Phys. Rev. E, 58, 5355 (1998).

絶対ゼロ度(基底状態)

S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, Science, 220, 671 (1983).

イジングモデルの基底状態を効率よく求める方法
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ハミルトニアンを行列を使って表現する
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2Nx2Nの対角行列
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量子揺らぎ効果(非対角項)の導入
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の固有状態

量子揺らぎ効果(非対角項)の導入
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量子アニーリングを実行するためのハミルトニアン
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ご興味のある方は、個別にご連絡ください。
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膨大なデータを、潜在的意味によって分類

We consider multiple running CRPs in which sjðj¼ 1;…;mÞ
indicates the seating arrangement of the j-th CRP and represents
the j-th bit matrix Bj. We correspond Bj;i;n ¼ 1 to ~sj;i;n ¼ ð1;0Þ⊤ and
Bj;i;n ¼ 0 to ~s j;i;n ¼ ð0;1Þ⊤, which means that we can represent Bj as
sj by using Eq. (5). We derive the following theorem:

Theorem 3.1. pQAðs; β;ΓÞ in Eq. (10) is approximated by the Suzuki–
Trotter expansion as follows:

pQAðs; β;ΓÞ ¼
1
Z
s⊤e−βðHcþHqÞs

¼ ∑
sjðj≥2Þ

pQA−STðs; s2;…; sm; β;ΓÞ þO β2

m

 !

; ð15Þ

where we rewrite s as s1, and

pQA−STðs1; s2;…; sm; β;ΓÞ ¼ ∏
m

j ¼ 1

1
Zðβ;ΓÞ

e−β=mEðsjÞef ðβ;ΓÞsðsj ;sjþ1Þ; ð16Þ

f ðβ;ΓÞ ¼ 2 log coth
β
m

Γ

! "
; ð17Þ

sðsj; sjþ1Þ ¼ ∑
N

i ¼ 1
∑
N

n ¼ 1
δð ~sj;i;n; ~s jþ1;i;nÞ; ð18Þ

Zðβ;ΓÞ ¼ sinh
β
m

Γ

! "# $2N
∑
s
e−β=mEðsÞ: ð19Þ

Note that smþ1 ¼ s1. The proof is given in Appendix A. Note that
our derived f in Eq. (17) does not include the number of classes, K,
whereas the f in existing work [12,20] is formulated by using a
fixed K.

Eq. (15) is interpreted as follows. pQAðs; β;ΓÞ is approximated by
marginalizing out other states fsjgj≥2 of pQA−STðs1; s2;…; sm; β;ΓÞ.
As shown in Eq. (16), pQA−STðs1; s2;…; sm; β;ΓÞ looks like the joint
probability of the states of m dependent CRPs. In Eq. (16), e−β=mEðsjÞ

corresponds to the classical CRP with inverse temperature and
ef ðβ;ΓÞsðsj ;sjþ1Þ indicates the quantum effect part. If f ðβ;ΓÞ ¼ 0, which
means CRPs are independent, pQA−STðs1; s2;…; sm; β;ΓÞ is equal to
the products of probability of m classical CRPs. sðsj; sjþ1Þð40Þ is

regarded as a similarity function between the j-th and (j+1)-th bit
matrices. If they are the same matrices, then sðsj; sjþ1Þ ¼N2. In
Eq. (2), log pSAðsjÞ corresponds to log e−β=mEðsjÞ=Z and the regularizer
term f % Rðs1;…; smÞ is log ∏m

j ¼ 1e
f ðβ;ΓÞsðsj ;sjþ1Þ ¼ f ðβ;ΓÞ∑m

j ¼ 1sðsj; sjþ1Þ.
Note that we aim at deriving the approximation inference for

pQAð ~sijs\ ~s i; β;ΓÞ in Eq. (13). Using Theorem 3.1, we can derive
Eq. (4) as the approximation inference. The details of the deriva-
tion are provided in Appendix B.

4. Experiments

We evaluated QA in a real application. We applied QA to a DPM
model for clustering vertices in a network where a seating
arrangement of the CRP indicates a network partition.

4.1. Network model

We used the Newman model [17] for network modeling in this
work. The Newman model is a probabilistic generative network
model. This model is flexible, which enables researchers to analyze
observed graph data without specifying the network structure
(disassortative or assortative) in advance.

In an assortative network, such as a social network, the
members (vertices) of each class are mostly connected to the
other members of the same class. The communications between
members in three social groups is illustrated in Fig. 5, where one
sees that the members generally communicate more with others
in the same group than they do with those outside the group. In a
disassortative network, the members (vertices) have most of their
connections outside their class. An election network of supporters
and candidates is illustrated in Fig. 5b, where a link indicates
support for a candidate. The Newman model can model not only
these two kinds of networks but also a mixture of them, such as a
citation network (see Fig. 5c), but, the user must decide in advance
the number of classes. We therefore used the DPM extension of
the Newman model as described in Appendix C.

Fig. 5. Examples of network structures. (a) Social network (assortive network), (b) election network (disassortative network) and (c) citation network (mixture of assortative
and disassortative network).
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Figure 1: Quantum annealing (QA)
adds another dimension to simulated
annealing (SA) to control a model.
QA iteratively decreases T and Γ
whereas SA decreases just T .

Figure 2: Illustrative explanation of QA. The left figure
shows m independent SAs, and the right one is QA algo-
rithm derived with the Suzuki-Trotter (ST) expansion. σ
denotes a clustering assignment.

globally optimal solutions like σ1 and σ2, where the
majority of data points are well-clustered, but some
of them are not. Thus, a better clustering assignment
can be constructed by picking up well-clustered data
points from many sub-optimal clustering assignments.
Note an assignment constructed in such a way is lo-
cated between the sub-optimal ones by the proposed
quantum effect Hq so that QA-ST can find a better
assignment between sub-optimal ones.

2 Preliminaries

First of all, we introduce the notation used in this
paper. We assume we have n data points, and they
are assigned to k clusters. The assignment of the i-
th data point is denoted by binary indicator vector
σ̃i. For example, when k is equal to two, we denote
the i-th data point assigned to the first and the sec-
ond cluster by σ̃i = (1, 0)T and σ̃i = (0, 1)T , re-
spectively. The assignment of all data points is also
denoted by an indicator vector, σ, whose length is kn

because the number of available assignments is kn. σ
is constructed with {σ̃i}n

i=1, σ =
⊗n

i=1 σ̃i, where ⊗ is
the Kronecker product, which is a special case of the
tensor product for matrices. Let A and B be matrices

where A=

(

a11 a12

a21 a22

)

. Then, A⊗B=

(

a11B a12B
a21B a22B

)

(see Minka (2000) for example). Only one element
in σ is one, and the others are zero. For example,
σ = σ̃1⊗σ̃2 = (0, 1, 0, 0)T when k = 2, n = 2, the first
data point is assigned to the first cluster (σ̃1 = (1, 0)T )
and the second data point is assigned to the second
cluster (σ̃2 = (0, 1)T ). We also use k by n matrix Y
to denote the assignment of all data,

Y (σ) = (σ̃1, σ̃2, ..., σ̃n). (1)

We do not store σ in memory whose length is kn, but
we store Y . We use σ only for the derivation of quan-
tum annealing. The proposed QA algorithm is like

 

 

cluster 1; cluster 2; cluster 3; cluster 4;

σ1 (local optimum) σ2 (local optimum)

σ∗ (global optimum)

Figure 3: Three clustering results by a mixture of four
Gaussians (i.e. #clusters=4).

parallel m SAs. We denote the j-th SA of the parallel
SA by σj . The i-th data point in σj is denoted by σ̃j,i,
s.t. σj =

⊗n
i=1 σ̃j,i. When A is a matrix, eA is the

matrix exponential of A defined by eA =
∑∞

l=0
1
l!A

l .

3 Simulated Annealing for Clustering

We briefly review simulated annealing (SA) (Kirk-
patrick et al., 1983) particularly for clustering. SA
is a stochastic optimization algorithm. An objective
function is given as an energy function such that a
better solution has a lower energy. In each step, SA
searches for the next random solution near the current
one. The next solution is chosen with a probability
that depends on temperature T and on the energy
function value of the next solution. SA almost ran-
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A
B C

D
E
F

12

3

4
5

6

1 2

データをクラスタ
ごとに分割

zi = k

xi = A,B, · · ·データ
クラスタ

x1 = A, x2 = B, x3 = C, x4 = D,x5 = E, x6 = F

z1 = 1, z2 = 1, z3 = 1, z4 = 2, z5 = 2, z6 = 2

クラスタ分析
P ({zi}|{xi},↵) を最大にする　　を求める。

ハイパーパラメータ

{zi}
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P ({zi}|{xi},↵) =
P ({zi}, {xi}|↵)

P ({xi}|↵)

A
B C

D
E
F

12

3

4
5

6

1 2

zi = k

xi = A,B, · · ·データ
クラスタ

を最大にする　　を求める。{zi}

ベイスの公式 分母は　　 に依存しない。{zi}

argmax{zi}P ({zi}|{xi},↵) = argmax{zi}P ({zi}, {xi}|↵)
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zi = k

xi = A,B, · · ·データ
クラスタ

argmax{zi}P ({zi}|{xi},↵) = argmax{zi}P ({zi}, {xi}|↵)

P ({zi}, {xi}|↵) = P ({xi}|{zi})P ({zi}|↵)

取り扱うデータに応じた 
モデルを用いる 
例) Dirichlet 多項分布

中華料理店過程 
次ページにて説明

分散傾向 凝縮傾向
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データのクラスタ形成プロセスをモデリング

1 2 3 5
4

1 2 3

レストラン(全集合)客(データ点)

テーブル(データクラス)

新たに入ってきた客は、どのテーブルに座るか？
: k番目のテーブル 
  に座っている客数

N

Nk

N + �
確率　　　　で、k番目のテーブルに座る。

�

N + �
確率　　　　で、誰も座っていないテーブルに座る。

Nk

: レストラン内 
    客総数

: ハイパーパラメタ�

平衡状態の確率分布



田中 宗 (早稲田大学 高等研究所)千葉工業大学セミナー 2015/07/25

クラスタ分析のモデリング　中華料理店過程

28

データのクラスタ形成プロセスをモデリング

1 2 3 5
4

1 2 3

レストラン(全集合)客(データ点)

テーブル(データクラス)

状態更新確率

p(�̃i|�\�̃i;�) �

�
��

��

Nk
�+N�1

�
�+N�1

k番目のテーブルに座る。

誰も座っていないテーブルに座る。

レストラン内の状態
客 i が居る
テーブル

平衡状態を定常状態とする確率過程
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データのクラスタ形成プロセスをモデリング

1 2 3 5
4

1 2 3

レストラン(全集合)客(データ点)

テーブル(データクラス)

尤度
p(Z) =

�K(Z)

�N
�=1(N � � + �)

K(Z)�

k=1

(Nk � 1)!
: k番目のテーブル 
  に座っている客数

N

Nk

: レストラン内 
    客総数

: ハイパーパラメタ�

レストラン内の状態Zにおいて、 
１人以上の客が居るテーブルの個数

ハミルトニアンの定義



田中 宗 (早稲田大学 高等研究所)千葉工業大学セミナー 2015/07/25

クラスタ分析のモデリング　イジングモデルによる記述

30

1 4 3 5
2

1 1 0 1 0
1 2 3 4 5

1 1 0 1 0
0 0 1 0 1
1 1 0 1 0
0

1
2
3
4
5 0 1 0 1

B� � = �N
i=1 �N

i=1 �̃i,n
Bi,n = Bn,i

Bi,i = 1 (i = 1, 2, · · · , N)

�i, �, Bi/|Bi| · B�/|B�| = 1or 0

Seating conditions �̃
対称行列

自分自身

ビット行列(隣接行列)による状態の記述
レストラン内の客配置 隣接行列

誰とテーブルを 
共有しているか

N 人の客=N2 個のイジングスピン
巡回セールスマン問題と同じ規模

拘束条件付きイジングモデル



田中 宗 (早稲田大学 高等研究所)千葉工業大学セミナー 2015/07/25

クラスタ分析のモデリング　イジングモデルによる記述

31

Seating conditions を満たす状態空間内で更新

1 4 3 5
2

1 1 0 1 0
1 2 3 4 5

1 1 0 1 0
0 0 1 0 1
1 1 0 1 0
0

1
2
3
4
5 0 1 0 1

1
2

1 1 0 1 0
0
1

2

0

1 4 3 5

1 0 1 0
1 2 3 4 5

0 1 0 1
1 0 1 0
0

1
2
3
4
5 1 0 1

客２のテーブル共有情報

1
1 1 0 1 0
0
1
0

0
0 1 1 0 1
1
0
1

0
0 1 0 0 0
0
0
0

客２が seating conditions を満たしながら取れる状態の集合

モンテカルロ
法による更新



田中 宗 (早稲田大学 高等研究所)千葉工業大学セミナー 2015/07/25

量子アニーリングの導入方法　量子揺らぎの導入

32

横磁場を用いて量子アニーリングを実装
H = Hc +Hq

Hc = diag
�
E(�(1)), · · · , E(�(2N ))

�

Hq = ��
N�

i=1

N�

n=1

�x
i,n �x =

�
0 1
1 0

�

1 4 3 5
2

1 1 0 1 0
1 2 3 4 5

1 1 0 1 0
0 0 1 0 1
1 1 0 1 0
0

1
2
3
4
5 0 1 0 1

B� � = �N
i=1 �N

i=1 �̃i,n

レストラン内の客配置

隣接行列

誰とテーブルを 
共有しているか横磁場(量子揺らぎ)

イジングモデル(組合せ最適化問題)
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H = Hc +Hq

最適化問題を表現する
古典ハミルトニアン

量子揺らぎを表現する 
ハミルトニアン

[Hc,Hq] �= 0

e��H �= e��Hce��Hq

指数関数　　  を計算することが困難e��H

経路積分表示(Suzuki-Trotter分解)による近似解法

exp
�
� �

m
H

�
= exp

�
� �

m
(Hc +Hq)

�

= exp
�
� �

m
Hc

�
exp

�
� �

m
Hq

�
+O

��
�

m

�2
�

d次元量子系をd+1次元にマップ
Trotter数(擬並列度)
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MCS

�1

�2

...

�m

�1

�2

...

�m

�1

�2

...

�m

�1

�2

...

�m

�1

�2

...

�m

�1

�2

...

�m

�1

�2

...

�m

K. Kurihara, S. Tanaka, and S. Miyashita, UAI2009  (2009年出版）  
K. K. Pudenz et al. Phys. Rev. A, 91, 042302 (2015) Quantum Annealing Correction (QAC)も類似概念とみなせる。

m個のレプリカ間に相互作用が入った擬並列化計算

時間とともに量子揺らぎが弱められる。
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We consider multiple running CRPs in which sjðj¼ 1;…;mÞ
indicates the seating arrangement of the j-th CRP and represents
the j-th bit matrix Bj. We correspond Bj;i;n ¼ 1 to ~sj;i;n ¼ ð1;0Þ⊤ and
Bj;i;n ¼ 0 to ~s j;i;n ¼ ð0;1Þ⊤, which means that we can represent Bj as
sj by using Eq. (5). We derive the following theorem:

Theorem 3.1. pQAðs; β;ΓÞ in Eq. (10) is approximated by the Suzuki–
Trotter expansion as follows:

pQAðs; β;ΓÞ ¼
1
Z
s⊤e−βðHcþHqÞs

¼ ∑
sjðj≥2Þ

pQA−STðs; s2;…; sm; β;ΓÞ þO β2

m

 !

; ð15Þ

where we rewrite s as s1, and

pQA−STðs1; s2;…; sm; β;ΓÞ ¼ ∏
m

j ¼ 1

1
Zðβ;ΓÞ

e−β=mEðsjÞef ðβ;ΓÞsðsj ;sjþ1Þ; ð16Þ

f ðβ;ΓÞ ¼ 2 log coth
β
m

Γ

! "
; ð17Þ

sðsj; sjþ1Þ ¼ ∑
N

i ¼ 1
∑
N

n ¼ 1
δð ~sj;i;n; ~s jþ1;i;nÞ; ð18Þ

Zðβ;ΓÞ ¼ sinh
β
m

Γ

! "# $2N
∑
s
e−β=mEðsÞ: ð19Þ

Note that smþ1 ¼ s1. The proof is given in Appendix A. Note that
our derived f in Eq. (17) does not include the number of classes, K,
whereas the f in existing work [12,20] is formulated by using a
fixed K.

Eq. (15) is interpreted as follows. pQAðs; β;ΓÞ is approximated by
marginalizing out other states fsjgj≥2 of pQA−STðs1; s2;…; sm; β;ΓÞ.
As shown in Eq. (16), pQA−STðs1; s2;…; sm; β;ΓÞ looks like the joint
probability of the states of m dependent CRPs. In Eq. (16), e−β=mEðsjÞ

corresponds to the classical CRP with inverse temperature and
ef ðβ;ΓÞsðsj ;sjþ1Þ indicates the quantum effect part. If f ðβ;ΓÞ ¼ 0, which
means CRPs are independent, pQA−STðs1; s2;…; sm; β;ΓÞ is equal to
the products of probability of m classical CRPs. sðsj; sjþ1Þð40Þ is

regarded as a similarity function between the j-th and (j+1)-th bit
matrices. If they are the same matrices, then sðsj; sjþ1Þ ¼N2. In
Eq. (2), log pSAðsjÞ corresponds to log e−β=mEðsjÞ=Z and the regularizer
term f % Rðs1;…; smÞ is log ∏m

j ¼ 1e
f ðβ;ΓÞsðsj ;sjþ1Þ ¼ f ðβ;ΓÞ∑m

j ¼ 1sðsj; sjþ1Þ.
Note that we aim at deriving the approximation inference for

pQAð ~sijs\ ~s i; β;ΓÞ in Eq. (13). Using Theorem 3.1, we can derive
Eq. (4) as the approximation inference. The details of the deriva-
tion are provided in Appendix B.

4. Experiments

We evaluated QA in a real application. We applied QA to a DPM
model for clustering vertices in a network where a seating
arrangement of the CRP indicates a network partition.

4.1. Network model

We used the Newman model [17] for network modeling in this
work. The Newman model is a probabilistic generative network
model. This model is flexible, which enables researchers to analyze
observed graph data without specifying the network structure
(disassortative or assortative) in advance.

In an assortative network, such as a social network, the
members (vertices) of each class are mostly connected to the
other members of the same class. The communications between
members in three social groups is illustrated in Fig. 5, where one
sees that the members generally communicate more with others
in the same group than they do with those outside the group. In a
disassortative network, the members (vertices) have most of their
connections outside their class. An election network of supporters
and candidates is illustrated in Fig. 5b, where a link indicates
support for a candidate. The Newman model can model not only
these two kinds of networks but also a mixture of them, such as a
citation network (see Fig. 5c), but, the user must decide in advance
the number of classes. We therefore used the DPM extension of
the Newman model as described in Appendix C.

Fig. 5. Examples of network structures. (a) Social network (assortive network), (b) election network (disassortative network) and (c) citation network (mixture of assortative
and disassortative network).

I. Sato et al. / Neurocomputing 121 (2013) 523–531 527

We consider multiple running CRPs in which sjðj¼ 1;…;mÞ
indicates the seating arrangement of the j-th CRP and represents
the j-th bit matrix Bj. We correspond Bj;i;n ¼ 1 to ~sj;i;n ¼ ð1;0Þ⊤ and
Bj;i;n ¼ 0 to ~s j;i;n ¼ ð0;1Þ⊤, which means that we can represent Bj as
sj by using Eq. (5). We derive the following theorem:

Theorem 3.1. pQAðs; β;ΓÞ in Eq. (10) is approximated by the Suzuki–
Trotter expansion as follows:

pQAðs; β;ΓÞ ¼
1
Z
s⊤e−βðHcþHqÞs

¼ ∑
sjðj≥2Þ

pQA−STðs; s2;…; sm; β;ΓÞ þO β2

m

 !

; ð15Þ

where we rewrite s as s1, and

pQA−STðs1; s2;…; sm; β;ΓÞ ¼ ∏
m

j ¼ 1

1
Zðβ;ΓÞ

e−β=mEðsjÞef ðβ;ΓÞsðsj ;sjþ1Þ; ð16Þ

f ðβ;ΓÞ ¼ 2 log coth
β
m

Γ

! "
; ð17Þ

sðsj; sjþ1Þ ¼ ∑
N

i ¼ 1
∑
N

n ¼ 1
δð ~sj;i;n; ~s jþ1;i;nÞ; ð18Þ

Zðβ;ΓÞ ¼ sinh
β
m

Γ

! "# $2N
∑
s
e−β=mEðsÞ: ð19Þ

Note that smþ1 ¼ s1. The proof is given in Appendix A. Note that
our derived f in Eq. (17) does not include the number of classes, K,
whereas the f in existing work [12,20] is formulated by using a
fixed K.

Eq. (15) is interpreted as follows. pQAðs; β;ΓÞ is approximated by
marginalizing out other states fsjgj≥2 of pQA−STðs1; s2;…; sm; β;ΓÞ.
As shown in Eq. (16), pQA−STðs1; s2;…; sm; β;ΓÞ looks like the joint
probability of the states of m dependent CRPs. In Eq. (16), e−β=mEðsjÞ

corresponds to the classical CRP with inverse temperature and
ef ðβ;ΓÞsðsj ;sjþ1Þ indicates the quantum effect part. If f ðβ;ΓÞ ¼ 0, which
means CRPs are independent, pQA−STðs1; s2;…; sm; β;ΓÞ is equal to
the products of probability of m classical CRPs. sðsj; sjþ1Þð40Þ is

regarded as a similarity function between the j-th and (j+1)-th bit
matrices. If they are the same matrices, then sðsj; sjþ1Þ ¼N2. In
Eq. (2), log pSAðsjÞ corresponds to log e−β=mEðsjÞ=Z and the regularizer
term f % Rðs1;…; smÞ is log ∏m

j ¼ 1e
f ðβ;ΓÞsðsj ;sjþ1Þ ¼ f ðβ;ΓÞ∑m

j ¼ 1sðsj; sjþ1Þ.
Note that we aim at deriving the approximation inference for

pQAð ~sijs\ ~s i; β;ΓÞ in Eq. (13). Using Theorem 3.1, we can derive
Eq. (4) as the approximation inference. The details of the deriva-
tion are provided in Appendix B.

4. Experiments

We evaluated QA in a real application. We applied QA to a DPM
model for clustering vertices in a network where a seating
arrangement of the CRP indicates a network partition.

4.1. Network model

We used the Newman model [17] for network modeling in this
work. The Newman model is a probabilistic generative network
model. This model is flexible, which enables researchers to analyze
observed graph data without specifying the network structure
(disassortative or assortative) in advance.

In an assortative network, such as a social network, the
members (vertices) of each class are mostly connected to the
other members of the same class. The communications between
members in three social groups is illustrated in Fig. 5, where one
sees that the members generally communicate more with others
in the same group than they do with those outside the group. In a
disassortative network, the members (vertices) have most of their
connections outside their class. An election network of supporters
and candidates is illustrated in Fig. 5b, where a link indicates
support for a candidate. The Newman model can model not only
these two kinds of networks but also a mixture of them, such as a
citation network (see Fig. 5c), but, the user must decide in advance
the number of classes. We therefore used the DPM extension of
the Newman model as described in Appendix C.

Fig. 5. Examples of network structures. (a) Social network (assortive network), (b) election network (disassortative network) and (c) citation network (mixture of assortative
and disassortative network).

I. Sato et al. / Neurocomputing 121 (2013) 523–531 527

We consider multiple running CRPs in which sjðj¼ 1;…;mÞ
indicates the seating arrangement of the j-th CRP and represents
the j-th bit matrix Bj. We correspond Bj;i;n ¼ 1 to ~sj;i;n ¼ ð1;0Þ⊤ and
Bj;i;n ¼ 0 to ~s j;i;n ¼ ð0;1Þ⊤, which means that we can represent Bj as
sj by using Eq. (5). We derive the following theorem:

Theorem 3.1. pQAðs; β;ΓÞ in Eq. (10) is approximated by the Suzuki–
Trotter expansion as follows:

pQAðs; β;ΓÞ ¼
1
Z
s⊤e−βðHcþHqÞs

¼ ∑
sjðj≥2Þ

pQA−STðs; s2;…; sm; β;ΓÞ þO β2

m

 !

; ð15Þ

where we rewrite s as s1, and

pQA−STðs1; s2;…; sm; β;ΓÞ ¼ ∏
m

j ¼ 1

1
Zðβ;ΓÞ

e−β=mEðsjÞef ðβ;ΓÞsðsj ;sjþ1Þ; ð16Þ

f ðβ;ΓÞ ¼ 2 log coth
β
m

Γ

! "
; ð17Þ

sðsj; sjþ1Þ ¼ ∑
N

i ¼ 1
∑
N

n ¼ 1
δð ~sj;i;n; ~s jþ1;i;nÞ; ð18Þ

Zðβ;ΓÞ ¼ sinh
β
m

Γ

! "# $2N
∑
s
e−β=mEðsÞ: ð19Þ

Note that smþ1 ¼ s1. The proof is given in Appendix A. Note that
our derived f in Eq. (17) does not include the number of classes, K,
whereas the f in existing work [12,20] is formulated by using a
fixed K.

Eq. (15) is interpreted as follows. pQAðs; β;ΓÞ is approximated by
marginalizing out other states fsjgj≥2 of pQA−STðs1; s2;…; sm; β;ΓÞ.
As shown in Eq. (16), pQA−STðs1; s2;…; sm; β;ΓÞ looks like the joint
probability of the states of m dependent CRPs. In Eq. (16), e−β=mEðsjÞ

corresponds to the classical CRP with inverse temperature and
ef ðβ;ΓÞsðsj ;sjþ1Þ indicates the quantum effect part. If f ðβ;ΓÞ ¼ 0, which
means CRPs are independent, pQA−STðs1; s2;…; sm; β;ΓÞ is equal to
the products of probability of m classical CRPs. sðsj; sjþ1Þð40Þ is

regarded as a similarity function between the j-th and (j+1)-th bit
matrices. If they are the same matrices, then sðsj; sjþ1Þ ¼N2. In
Eq. (2), log pSAðsjÞ corresponds to log e−β=mEðsjÞ=Z and the regularizer
term f % Rðs1;…; smÞ is log ∏m

j ¼ 1e
f ðβ;ΓÞsðsj ;sjþ1Þ ¼ f ðβ;ΓÞ∑m

j ¼ 1sðsj; sjþ1Þ.
Note that we aim at deriving the approximation inference for

pQAð ~sijs\ ~s i; β;ΓÞ in Eq. (13). Using Theorem 3.1, we can derive
Eq. (4) as the approximation inference. The details of the deriva-
tion are provided in Appendix B.

4. Experiments

We evaluated QA in a real application. We applied QA to a DPM
model for clustering vertices in a network where a seating
arrangement of the CRP indicates a network partition.

4.1. Network model

We used the Newman model [17] for network modeling in this
work. The Newman model is a probabilistic generative network
model. This model is flexible, which enables researchers to analyze
observed graph data without specifying the network structure
(disassortative or assortative) in advance.

In an assortative network, such as a social network, the
members (vertices) of each class are mostly connected to the
other members of the same class. The communications between
members in three social groups is illustrated in Fig. 5, where one
sees that the members generally communicate more with others
in the same group than they do with those outside the group. In a
disassortative network, the members (vertices) have most of their
connections outside their class. An election network of supporters
and candidates is illustrated in Fig. 5b, where a link indicates
support for a candidate. The Newman model can model not only
these two kinds of networks but also a mixture of them, such as a
citation network (see Fig. 5c), but, the user must decide in advance
the number of classes. We therefore used the DPM extension of
the Newman model as described in Appendix C.

Fig. 5. Examples of network structures. (a) Social network (assortive network), (b) election network (disassortative network) and (c) citation network (mixture of assortative
and disassortative network).

I. Sato et al. / Neurocomputing 121 (2013) 523–531 527

Citeseer 
論文引用ネットワーク 
2110論文
Netscience 
共著者ネットワーク 

研究者1589人
Wikivote 
投票ネットワーク 

7115人

様々なネットワーク構造を取る膨大なデータ



田中 宗 (早稲田大学 高等研究所)千葉工業大学セミナー 2015/07/25

熱・量子同時制御型アニーリング

36

温度 
(熱ゆらぎ効果)

シミュレーテッドアニーリング 
温度を徐々に下げる

量子ゆらぎ効果

量子アニーリング 
量子効果を徐々に弱める
T. Kadowaki and H. Nishimori,  
Phys. Rev. E, 58, 5355 (1998).

絶対ゼロ度(基底状態)

S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, Science, 220, 671 (1983).

最適解を得る経路 
第一段階で温度を下げ、 
第二段階で量子効果を下げる

効率の悪い経路 
第一段階で量子効果を下げ、 
第二段階で温度を下げる

K. Kurihara, S. Tanaka, and S. Miyashita, UAI2009.



田中 宗 (早稲田大学 高等研究所)千葉工業大学セミナー 2015/07/25

量子アニーリングの優位性　計算条件
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熱揺らぎと量子揺らぎを同時に制御
逆温度：

量子揺らぎ項：

�(t) = �0 log(1 + t),�0

�
t, �0t

�(t)�(t)
m

= �0
�

t

(�0 = 0.2m, 0.4m, 0.6m)

比較実験条件 
(シミュレーテッドアニーリング)
�(t) = 0.4m

�
t

最もSAがうまくいく条件を変えて数値実験を行った。�0

Trotter数(擬並列数)           は固定。m = 16

状態更新確率(量子)

p(�̃i|�\�̃i;�) �

�
����

����

�
Nk

�+N�1

��/m
e(c�j,k(i)+c+

j,k(i))f(�,�)

�
�

�+N�1

��/m

k番目のテーブルに座る。

誰も座っていないテーブルに座る。

f(�, �) = 2 log coth
�

��
m

�

量子モンテカルロ法を適用
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対数尤度(高いほうが良い解)の量子パラメータ初期値依存性

Beam search法によって得られた 
最大対数尤度

16回のSAで得られた 
最大対数尤度

1600回のSAで得られた 
最大対数尤度

量子パラメータが小さすぎて、 
量子揺らぎ効果が効いていない。 最終ステップでの残留 

量子効果による性能低減 
(mを増やせば回避可能)

m=16のQAで得られ
た対数尤度と、
Beam search法に
よって得られた最大
対数尤度との差

量子パラメータ初期値
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Citeseer SA(T=30,m=1) QA(T=30,m=16)

calc. time 13 sec. 15 sec.
16 SAs 1600 SAs beam search QA(m=16)

# classes 35 30 57 37

SA(T=30,m=1) QA(T=30,m=16)

calc. time 22 sec. 25 sec.
16 SAs 1600 SAs beam search QA(m=16)

# classes 22 65 61 26

SA(T=30,m=1) QA(T=30,m=16)

calc. time 76 sec. 79 sec.
16 SAs 1600 SAs beam search QA(m=16)

# classes 8 8 27 8



２つのキーワード

量子アニーリング クラスタ分析
量子性を用いた 
新計算技術

分かることは 
分けること
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まとめ・今後の展望
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機械学習における重要な技術であるクラスタ分析に対する、量子アニーリング 
の性能評価を行った。 
量子モンテカルロ法を用いた擬似シミュレーションの結果、シミュレーテッド
アニーリングに比べ、量子アニーリングの方が、性能面で優位であることを示
唆する結果を得た。

これまでの我々の研究で行ったこと
量子モンテカルロ法を用いた研究 
✔ MNISTデータ(手書き文字5000データ)を30個のクラスタに分類 
✔ NIPSコーパス(論文1684報,1000語)を20個のクラスタに分類 
✔ Reutersコーパス(記事1000報,2000語)を20個のクラスタに分類 
変分ベイズ法を用いた研究 
✔ Reutersコーパス(記事1000報, 12788語)を20個のクラスタに分類 
✔ Medlineコーパス(論文1000報, 14252語)を20個のクラスタに分類 
量子モンテカルロ法を用いた研究 
✔ Citeseer(論文2110報)をクラスタ分析 
✔ Netscience(研究者1589人)をクラスタ分析 
✔ Wikivote(7115人)をクラスタ分析

K. Kurihara, S. Tanaka, and S. Miyashita, UAI2009

I. Sato, K. Kurihara, S. Tanaka, H. Nakagawa, and S. Miyashita, UAI2009

I. Sato, S. Tanaka, K. Kurihara, S. Miyashita, and H. Nakagawa, 
Neurocomputing,121, 523 (2013) 


