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2. Regge Calculus (28 1F % Hilbert /EA

(W. A. Miller, Class. Quantum Crav. 14, 199 (1997))

e Ricci Scalar Curvature

e Proper Volume Element
e Hilbert Action
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Riccl Scalar Curvature in Regge Calculus

Regge — A*
h

RRegge — D (D — 1) —

17



2. Regge Calculus (28 1F % Hilbert /EA

(W. A. Miller, Class. Quantum Crav. 14, 199 (1997))

e Riccl Scalar Curvature
e Proper Volume Element
e Hilbert Action
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Proper Volume Element in Regge Calculus
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2. Regge Calculus (28 1F % Hilbert /EA

(W. A. Miller, Class. Quantum Crav. 14, 199 (1997))

e Riccl Scalar Curvature

e Proper Volume Element
e Hilbert Action
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Hilbert Action in Regge Calculus
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3. Regge Calculus (IZF 1) % Einstein 5722\
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Regge Analogue of Metric
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Hllbert ACtiOﬂ D /Eéj\ (L. Schlafli, Quart. J. Pure Appl. Math. 2, 269 (1858))
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4. Expanding Polyhedral Universe

.- - Applying the Regge Calculus to (2 + 1)-dimensional closed FLRW universe
(P. A. Collins and R. M. Williams, Phys. Rev. D7, 965 (1973))
(R. G. Liu and R. M. Williams, Phys. Rev. D93, 024032 (2016))

(R. G. Liu and R. M. Williams, Phys. Rev. D93, 023502 (2016))
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Regular Polyhedral Universe
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Schlafli Symbols

There are only five types of regular polyhedrons specified by the Schlafli symbols

(3.3} ] {43} (3.4} (5.3}

Tetrahedron Cube Octahedron Dodecahedron [cosahedron
Schlafli Symbols {p,q} --- p: the number of the sides of a face

g : the number of faces around each vertex
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Equations of motion

) ‘ ( 4m? cos —I—Ol’) gA (BZoy + il +1)m; 7w
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- - N 2 7
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\/ dmz — ol; \/ dm; | —olr 2 | \/-n'z.;?) B % 512 csc? 1

(20; + Limy)m?_y — 31201,y esc? %] T
+ cot —.

m2 . — 152 2 T
.\/m.i_1 700y €s¢* 7

To compare with the continuum theory, we introduce a circumradius of the
polyhedron as an analogue of the scale factor

[; SlIl—

2 \/ sin? COS2 s
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Continuum time limit

:Z(Stl — 1dt
, (l — 4 cos 2;) 2Cos—
T — q arccos —
4+12 2 \/48111 +l2
[ _ M 1l
4402 4 2(481n2—+12)
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39




Numerical Solution

40 T T T T T T
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25
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- finite-precision approximation of FLRW

- expands to infinite within finite time
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(zeodesic Domes

Frequency v --- Degree of subdivision

frequency 1 frequency 2 frequency 3 frequency 4

AN
Vel

Better approximates a sphere than the regular polyhedrons.
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Equations of Motion for (Geodesic Domes

v =2
. g . 2 g
1 1 sSin & cos 2 sin” 2
581—'—582:/\[2 5 2 . .2
\/4COSQ§+Z2 \/3—|—4l28in2§
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4412
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Equations of Motion for (Geodesic Domes

1 1 2 sin & cos % 2 sin? % cos2 % sin2 % csc % sin ¢ cos ¢
—€1 +eo0 4+ —e3 = Al + +
\/4 cos?2 % —+ 2 \/31n2 g —+ [2 sin2 % \/4 sin2 g cos?2 % -+ [2 sin2 %
= const.
71 = const.
¢ = const.

€1 = 27w — 591,1
€g = 27w — 4609 1 — 2 (92,1 + 02 2 + 92,3)
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4cos£+i2 (2+i2>sin%

01,1 = arccos —M— 92’1 = arccos
J(E+12) (14262 §)

4+ 12

2sin2 % —+ ZQ sin2 % (2 Sln2 % + i2 51n2 %) sin %
92’2 = arccos , 9273 = arccos
\/<1 + 12 sin2 %) (4 sin2 g— + 12 sin2 % \/(4 sin2 g— + 12 sin2 %) (sin2 g— + 12 sin2 %sin %
4cos77sin2 g + 2 sin2 % ZJLcosCsin2 g + 2 sin? %
93,2 — arccos , 93’3 — arccos -
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Shortcomings of Geodesic Domes

o Frequency = b5 EEREADOEAFEE XM LT 5
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Pseudo-Regular Polyhedron Universe

Regarding the geodesic domes as pseudo-regular polyhedrons, we may define

the fractional Schlafli Symbol

3007
=3
{p,q} { ,5V2+_1}

Equation of motion

j .
4+ 4 2(3+P)
[ (1) b2+ 17
)=~
ar (1) V3 302
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Plots of Scale Factors
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Infinite Frequency Limit

Taking the limit v — o0

P oA i
ne = 11T
) (5V2—|—1>7T_

ar (t) % tan ~—-—

—>ap = Aap

Exactly coincides with Einstein equations in General rel-

ativity.
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5. Oscillating 4-Polytopal Universe

.- - Applying the Regge Calculus to (3 4 1)-dimensional closed FLRW universe
(P. A. Collins and R. M. Williams, Phys. Rev. D7, 965 (1973))
(R. G. Liu and R. M. Williams, Phys. Rev. D93, 024032 (2016))

(R. G. Liu and R. M. Williams, Phys. Rev. D93, 023502 (2016))
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EZ Rz & % Cauchy surface S° D& & #12

(P. A. Collins and R. M. Williams, Phys. Rev. D7, 1973)
e.g.) IE/NRIZ XS ES A

Replace Flatten

g2 Cube

Y

.............

\ / : ‘
‘ Replace N Flatten 5. 5
' 74 \ _ _____

S3 8-cell

/

Y
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IEZ Uik & Schlafli fi5

H-cell 8-cell 16-cell 24-cell | 120-cell | 600-cell

Schlafli &
{p,q,r}

Ul

{3,3,3} | {4,3,3} | {3,3,4} | {3,4,3} | {5,3,3} | {3,3,5}

the number of sides of a face
the number of faces around a vertex in a cell

r : the number of cells around a edge

5-cell 8-cell 16-cell 24-cell 120-cell 600-cell
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Equations of motion with the continuum Lorentzian time

4 (SlIl2 T _ 92cos? E) —[2cos 2®
P q q

2T — 1 arccos — .
dsin” = 4 7

TA 4+ ]2 o T 78
cot” — cos —,

12 \ 4 (Sln2 Z cOs? %) 4 [2 sin? g p q

. [2 . 1 Il cos? =
==l 1+——=| [1+-01"—= P
3 4sin » 4 24 (sm — cos? ”) + [2gin?

Scale factor

N (t) sin i cos® ~
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Numerical Solution
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Pseudo-Regular 4-Polytope Universe

600-cell @ 3 ¥Rothd (IEPUEIAR) D3l

ERfik e EATO 2 EEOMABNG.
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Pseudo-Regular 4-Polytope Universe

fahs 2 M H 5354, [Schlafli symbol DY 12 & % pseudo-regular 4-
polytope DEFEIFEEREL 72\, (v — oo T3 IRTERE Z HEL L Z2\W.)

s
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s
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s
?“(193,194)2 Ia

arccos (cos % sin 5 )

HoHAOEHZE > TEHRLTRAS.
ELAGONA : Po= ©

§7
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202 4+ 1
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Plots of Scale Factors

35 .
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Large frequency: v = 100
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6. Summary and Future work
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Summary

Regge Calculus
o HKDENZ X DEIHHDFIED—D.
o LHAKDINEZETHES T & TEHIKD Dynamics & K.
Hilbert /EM

1
SRegge = 16_7T Z AvaroperRRegge = 8_7T Z Apep,
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Summary

Polyhedral Universe

e Geodesic Dome Model
— (EE DK TEH Z 3581
— Frequency % EVJ % Z 212 FRERDSEHAL.
— HAEARER N Ot 7 71— F A Al gE.
e Pseudo-Regular Polyhedron Model
— Geodesic Dome % FEF 12 SREE Tl
— Frequency 12 X 5§ G H— 0 DRI,
— R R & AT I SR D B Z & D3] EE.

61



Summary

4-Polytope Universe

e Regular 4-Polytope Model
— HIRO AW & s CHRE) 2 i D 3K 9.
e Pseudo-Regular 4-Polytope Model
— Frequency 2 & 69 G H—nDEE.
— JHGEARER % fEMTEIZ SRk D B Z & HIFTHE.
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Future work: D-polytopal Universe
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