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Abstract

陽⼦や中性⼦を原⼦核に束縛する核力（強い力）理論をもとに、80年

以上もの⻑い間にわたり、原⼦核や核物質の物性は現在でも盛んに研

究され続けています。⼀⽅、近年では科学技術の向上による⾼精度天

体観測などから、地上では実現不可能な極限状態における物理現象に

関する情報を得ることが可能となりつつあります。
 

これまでの原⼦核研究は、主に⾮相対論枠組みに基づく計算で⾏われ

てきましたが、超巨⼤原⼦核とみなしうる中性⼦星などを想定した⾼密

度核物質を研究する場合には、相対論的効果を考慮する必要がありま

す。
 

今回のセミナーでは、相対論的枠組みの中で場の理論による核⼦多体

計算（HartreeからHartree-Fock近似）がどのように定式化されて

いるかにフォーカスし、具体的な計算⼿法を説明します。応⽤として、相

対論的Hartree-Fock計算を通常核⼦密度付近の核物質から中性⼦

星物質に適応した計算結果を紹介したいと考えています。
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Fundamental interaction

http://cpepweb.org

Quarks
Nuclear force
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Relativistic framework
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Lagrangian density
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Meson theory of nuclear matter

For the NN interaction at low energy, there are essentially only three boson
fields which are of relevance

the pseudoscalar (ps) field,

the scalar (s) field, and

the vector (v) field.

The modern point of view is to consider these fields as effective
(nonfundamental) fields.

Guided by symmetry principles, simplicity, and physical intuition, the most
commonly used interaction Lagrangian which couple these fields to the nucleon
(ψ) are

Lps = −gpsψ̄iγ5ψφ(ps),

Ls = +gsψ̄ψφ
(s),

Lv = −gvψ̄γµψφ(v) − fv
4M

ψ̄σµνψ
(
∂µφ

(v)
ν − ∂νφ(v)

µ

)
.

R. Machleidt, ‘The Meson theory of nuclear forces and nuclear structure,’ Adv. Nucl. Phys. 19, 189 (1989).
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Pseudoscalar and/or pseudovector

For the ps field, there is also the so-called pseudovector (pv) or gredient
coupling to the nucleon, which is suggested as effective coupling by chiral
symmetry:

Lpv = − fps
mps

ψ̄γ5γ
µψ∂µφ

(ps).

The ps and pv couplings are equivalent for on-mass-shell nucleons if coupling

constants are related by fps =
(mps

2M

)
gps. However, for off-shell cases, the

predictions are rather different. Anti-particle contributions turn out to be huge

using the pseudoscalar coupling whereas they are suppressed by the gradient

coupling.
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One boson exchange description

According to the one boson exchange (OBE) description of the NN
interaction, we start from an effective Lagrangian density constructed from the
degrees of freedom associated with two isoscalr mesons (σ and ω) and two
isovector mesons (π and ρ) with the following quantum numbers (Jπ, T ):

σ(0+, 0), ω(1−, 0), π(0−, 1), ρ(1−, 1).

A. Bouyssy, J. F. Mathiot, V. G. Nguyen, and S. Marcos, Phys. Rev. C 36, 380 (1987).
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Simple Lagrangian density

The Lagrangian density is written as (UNL =
1

3
g2σ

3 +
1

4
g3σ

4 −
1

4
c3 (ωµω

µ)2)

L = LN + LM + Lint − UNL

=
∑

N=p,n

ψ̄N (iγµ∂
µ −MN )ψN + LM + Lint − UNL,

where the meson and interaction terms read

LM =
1

2

(
∂µσ∂

µσ −m2
σσ

2)+ 1

2
m2

ωωµω
µ − 1

4
WµνW

µν

+
1

2
m2

ρρµ · ρµ − 1

4
Rµν ·Rµν +

1

2

(
∂µπ · ∂µπ −m2

ππ
2) ,

Lint =
∑

N=p,n

ψ̄N

(
gσNσ − gωNγµω

µ +
fωN

2Mσµν∂
νωµ

− gρNγµρµ · τN +
fρN
2Mσµν∂

νρµ · τN −
fπN

mπ
γ5γµ∂

µπ · τN
)
ψN ,

with

Wµν = ∂µων − ∂νωµ, Rµν = ∂µρν − ∂νρµ, σµν =
i

2
[γµ, γν ] .
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Eular-Lagrange equation

∂L
∂Φα

− ∂µ

[
∂L

∂ (∂µΦα)

]
= 0 (α = N, σ, ω,ρ,π) .
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Dirac fields

Equations of motion for Dirac fields:

Nucleon:

(iγµ∂
µ −MN )ψN = −gσNσψN +

(
gωNγµω

µ − fωN

2Mσµν∂
νωµ

)
ψN

+

(
gρNγµρ

µ · τN −
fρN
2Mσµν∂

νρµ · τN
)
ψN +

fπN

mπ
γ5γµ∂

µπ · τNψN .

Anti-nucleon:

ψ̄N

(
iγµ
←−
∂ µ +MN

)
= ψ̄NgσNσ − ψ̄N

(
gωNγµω

µ − fωN

2Mσµν∂
νωµ

)
− ψ̄N

(
gρNγµρ

µ · τN −
fρN
2Mσµν∂

νρµ · τN
)
− fπN

mπ
ψ̄Nγ5γµ∂

µπ · τN .
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Meson fields

Equations of motion for meson fields:[
∂µ∂

µ +m∗2
σ (σ)

]
σ =

∑
N=p,n

gσN ψ̄NψN , with m∗2
σ (σ) = m2

σ + g2σ + g3σ
2,

∂λW
λκ +m∗2

ω (ω)ωκ =
∑

N=p,n

[
gωN ψ̄Nγ

κψN −
fωN

2M ∂λ
(
ψ̄Nσ

λκψN

)]
,

with m∗2
ω (ω) = m2

ω + c3 (ωµω
µ)ωκ,

∂λR
λκ +m2

ρρ
κ =

∑
N=p,n

[
gρN ψ̄Nγ

κτNψN −
fρN
2M∂λ

(
ψ̄Nσ

λκτNψN

)]
,

(
∂λ∂

λ +m2
π

)
π =

∑
N=p,n

fπN

mπ
∂λ
(
ψ̄Nγ5γ

λτNψN

)
.

σ
ω

ρ

π
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e.g. Hartree approximation

In the mean-field approximation, the meson fields are replaced by the
constant mean-field (classical expectation) values.
⇒ Hartree approximation (tadpole diagram).

⟨σ⟩ = σ̄ + δσ = σ̄,

⟨ωµ⟩ = δµ0ω̄ + δω = δµ0ω̄,

⟨ρµ⟩ = δµ0ρ̄+ δρ = δµ0ρ̄, ρ̄ = ρ0,

⟨π⟩ = π̄ + δπ = 0.

Therefore

σ̄ =
∑

N=p,n

gσN

m∗2
σ (σ̄)

⟨ψ̄NψN ⟩ or σ̄ =
∑

N=p,n

gσN

m2
σ

⟨ψ̄NψN ⟩ −
1

m2
σ

(
g2σ̄

2 + g3σ̄
3) ,

ω̄ =
∑

N=p,n

gωN

m∗2
ω (ω̄)

⟨ψ̄Nγ
0ψN ⟩ or ω̄ =

∑
N=p,n

gωN

m2
ω

⟨ψ̄Nγ
0ψN ⟩ −

c3
m2

ω

ω̄3,

ρ̄ =
∑

N=p,n

gρN
m2

ρ

(τN )z ⟨ψ̄Nγ
0ψN ⟩ , π̄ = 0.
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Green’s function
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Green’s function

The general definition of 2n-point Green’s function is the set of average
diagonal matrix elements 1

Gn
N1···NnN1′ ···Nn′

(
x1, · · · , xn;x′1, · · · , x′n

)
= (−i)n ⟨Ψ0|T

[
ψN1(x1) · · ·ψNn(xn)ψ̄Nn′ (x

′
n) · · · ψ̄N1(x

′
1)
]
|Ψ0⟩ ,

where xi or i (i ∈ {1, · · · , n}) includes the spin and isospin wight for nucleon,
N , and |Ψ0⟩ is the grand state of infinite nuclear matter.

The two-point Green’s function of nucleon:

iGNN′
(
x, x′

)
:= ⟨Ψ0|T

[
ψN (x)ψ̄N′(x′)

]
|Ψ0⟩

= ⟨Ψ0|ψN (x)ψ̄N′(x′)|Ψ0⟩ θ
(
t− t′

)
− ⟨Ψ0|ψ̄N′(x′)ψN (x)|Ψ0⟩ θ

(
t′ − t

)
= iG>

NN′
(
x, x′

)
θ
(
t− t′

)
+ iG<

NN′
(
x, x′

)
θ
(
t′ − t

)
.

1
We adopt the manner given in Refs. P. C. Martin and J. S. Schwinger, Phys. Rev. 115, 1342 (1959),

B. D. Serot and J. D. Walecka, Adv. Nucl. Phys. 16, 1 (1986).
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The nucleon propagator which is applied by (iγµ∂
µ
x −MN ) is given by

(iγµ∂
µ
x −MN )GNN′

(
x, x′

)
= δNN′δ4

(
x− x′

)
− iFNN′

(
x, x′

)
= (iγµ∂

µ
x −MN )G0

NN′
(
x, x′

)
− iFNN′

(
x, x′

)
,

with

FNN′
(
x, x′

)
= −gσN ⟨Ψ0|T

[
σ(x)ψN (x)ψ̄N′(x′)

]
|Ψ0⟩

+ gωN ⟨Ψ0|T
[
γµω

µ(x)ψN (x)ψ̄N′(x′)
]
|Ψ0⟩

− fωN

2M ⟨Ψ0|T
[
σµν∂

ν
xω

µ(x)ψN (x)ψ̄N′(x′)
]
|Ψ0⟩

+ gρN ⟨Ψ0|T
[
γµρ

µ(x)ψN (x)ψ̄N′(x′)
]
|Ψ0⟩ · τN

− fρN
2M ⟨Ψ0|T

[
σµν∂

ν
xρ

µ(x)ψN (x)ψ̄N′(x′)
]
|Ψ0⟩ · τN

+
fπN

mπ
⟨Ψ0|T

[
γ5γµ∂

µ
xπ(x)ψN (x)ψ̄N′(x′)

]
|Ψ0⟩ · τN .
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Replacement of the meson fields:

e.g.)

− gσN ⟨Ψ0|T
[
σ(x)ψN (x)ψ̄N′(x′)

]
|Ψ0⟩

= gσN

∑
N′′=p,n

gσN′′

∫
d4y ⟨Ψ0|T

[
ψ̄N′′(y+)ψN′′(y)ψN (x)ψ̄N′(x′)

]
|Ψ0⟩∆0

σ(x, y)

= gσN

∑
N′′=p,n

gσN′′

∫
d4y ⟨Ψ0|T

[
ψ̄N′′(y+)ψN′′(y)ψN (x)ψ̄N′(x′)

]
|Ψ0⟩∆0

σ(x, y).

We introduce the four-point Green’s function:

⟨Ψ0|T
[
ψ̄N′′(y+)ψN′′(y)ψN (x)ψ̄N′(x′)

]
|Ψ0⟩

= ⟨Ψ0|T
[
ψN (x)ψ̄N′′(y+)ψN′′(y)ψ̄N′(x′)

]
|Ψ0⟩

= −⟨Ψ0|T
[
ψN (x)ψN′′(y)ψ̄N′′(y+)ψ̄N′(x′)

]
|Ψ0⟩

= G2
NN′′N′N′′(x, y;x′,y+).

T. Miyatsu — Relativistic Hartree-Fock calculation for nuclear matter — 20/48



Relativistic many-body calculations II

Nucleon self-energy
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Nucleon self-energy

−iFNN′
(
x, x′

)
:=

∑
N′′=p,n

∫
d4yΣNN′′(x, y)GN′′N′(y, x′)

=
∑

N′′=p,n

∫
d4y

[ ∑
M=σ,ω,ρ,π

Γ+
MNµ(x) · Γ

−
MN′′ν(y)

{
i∆0µν

M (x, y; r, r′′)
}]

×G2
NN′′N′N′′(x, y;x′, y+),

where

Γ+
σNµ(x) = Γ−

σNµ(x) = igσN

(
1(4×4)

)
µ
1(2×2), Γ±

ωNµ(x) =

(
−igωNγµ ± i

fωN

2Mσµλ∂
λ
x

)
1(2×2),

Γ±
ρNµ(x) =

(
−igρNγµ ± i

fρN
2Mσµλ∂

λ
x

)
τN , Γ±

πNµ(x) = ±i
fπN

mπ
γ5γλ∂

λ
x

(
1(4×4)

)
µ
τN ,

with

∆0µν
M (x, y, r, r′′) =

{
∆0

M (x, y)
(
1(4×4)

)µ (
1(4×4)

)ν
δrr′′ (M = σ, π) ,

∆0µν
M (x, y; r, r′′) (M = ω, ρ) .
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Dyson’s equation

GNN′(x, x′) = G0
NN′(x, x′) +

∫
d4y

∫
d4z G0

NN (x, z)ΣNN′(z, y)GN′N′(y, x′)

= G0
NN′(x, x′) +

∑
N′′=p,n

∑
N′′′=p,n

∫
d4y

∫
d4z G0

NN′′′(x, z)ΣN′′′N′′(z, y)GN′′N′(y, x′)

= G0
NN′(x, x′) +

∑
N′′=p,n

∑
N′′′=p,n

∫
d4y

∫
d4z G0

NN′′′(x, z)

×

[ ∑
M=σ,ω,ρ,π

Γ+
MN′′′µ(z) · Γ

−
MN′′ν(y)

{
i∆0µν

M (z, y; r′′′, r′′)
}]

G2
N′′′N′′N′N′′(z, y;x′, y+),

k

k

k

k

+

=

;

In momentum space,

GNN′(k) = G0
NN′(k) +G0

NN (k)ΣNN′(k)GN′N′(k).

Considering
∑

N′=p,n

,

GN (k) = G0
N (k) +G0

N (k)ΣN (k)GN (k).
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Hartree-Fock approximation

Using the Martin-Schwinger hierarchy the four-point Green’s function for
fermion is generally given by

G2(1, 2; 1′, 2′) := G(1, 1′)G(2, 2′)−G(1, 2′)G(2, 1′)

+G(1, 3)G(2, 4) ⟨T [(3, 4; 5, 6)]⟩G(5, 1′)G(6, 2′).

Within Hartree-Fock approximation, the four-point nucleon Green’s function is

factorized by the two-point Green’s function:

G2
NN′′N′N′′(x, y;x′, y+) ≃ GNN′(x, x′)GN′′N′′(y, y+)−GNN′′(x, y+)GN′′N′(y, x′).
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Hartree-Fock approximation

Using the Martin-Schwinger hierarchy the four-point Green’s function for
fermion is generally given by

G2(1, 2; 1′, 2′) := G(1, 1′)G(2, 2′)−G(1, 2′)G(2, 1′)

+G(1, 3)G(2, 4) ⟨T [(3, 4; 5, 6)]⟩G(5, 1′)G(6, 2′).

Within Hartree-Fock approximation, the four-point nucleon Green’s function is

factorized by the two-point Green’s function:

G2
NN′′N′N′′(x, y;x′, y+) ≃ GNN′(x, x′)GN′′N′′(y, y+)−GNN′′(x, y+)GN′′N′(y, x′).

Given by Dr. T. Katayama.
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Thus, the nucleon self-energy in momentum space is given by

ΣN (k) =
∑

M=σ,ω,ρ,π

×

[
IMNΓ+

MNµ(0)
{
i∆0µν

M (0)
} ∑

N′′=p,n

IMN′′

∫
d4q

(2π)4
eiηq

0

tr
[
GN′′N′′(q)Γ−

MN′′ν(0)
]

−
∑

N′′=p,n

(IMNN′′)2
∫

d4q

(2π)4
eiηq

0

Γ+
MNµ(k − q)

{
i∆0µν

M (k − q)
}
GNN′′(q)Γ−

MN′′ν(k − q)

]
,

with

Γ+
σNµ(k) = Γ−

σNµ(k) = igσN

(
1(4×4)

)
µ
, Γ±

ωNµ(k) =

(
−igωNγµ ±

fωN

2Mσµλk
λ

)
,

Γ±
ρNµ(k) =

(
−igρNγµ ±

fρN
2Mσµλk

λ

)
, Γ±

πNµ(k) = ±
fπN

mπ
γ5γλk

λ (1(4×4)

)
µ
.

In general, the nucleon self-energy is expressed as

ΣN (k) :=
∑

M=σ,ω,ρ,π

ΣMN (k) =
∑

M=σ,ω,ρ,π

[
Σdir

MN +Σex
MN (k)

]
= Σdir

N +Σex
N (k).
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Feynmann diagram
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Relativistic many-body calculations II

Meson propagator
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Meson propagator

∆µν
M (k) = ∆0,µν

M (k) + ∆dir,µν
M (k) + ∆ex,µν

M (k)

= i
{
i∆0µλ

M (k)
}[( ∑

N=p,n

IMN

∫
d4p

(2π)4
tr
[
GNN (p)Γ−

MNλ(k)
])

× (2π)4 δ4 (k)

 ∑
N′=p,n

IMN′

∫
d4q

(2π)4
tr
[
GN′N′(q)Γ+

MN′κ(k)
]

−
∑

N=p,n

∑
N′=p,n

(IMNN′)2
∫

d4q

(2π)4
tr
[
GNN′(k + q)Γ−

MNλ(k)GN′N (q)Γ+
MN′κ(k)

]] {
i∆0κν

M (k)
}
.
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Nucleon propagator in matter
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Nucleon propagator in matter

The properties of dressed nucleons in nuclear matter are expressed by the
nucleon self-energy which enters the in-medium nucleon propagator as the
formal solution of the Dyson’s equation:

GN (k) =
1

[G0
N (k)]−1 − ΣN (k)

=
1

γµkµ −MN − ΣN (k) + iε
.

Due to translational and rotational invariance, parity conservation and time
reversal invariance the self-energy in isospin saturated nuclear matter has the
general form:

ΣN (k) = Σs
N (k)− γµΣµ

N (k)

= Σs
N (k)− γ0Σ0

N (k) + (γ · k̂)Σv
N (k),

with k̂ being the unit vector along the (three) momentum k and Σ
s(0)[v]
B being

the scalar part (the time component of the vector part) [the space

component of the vector part] of the self-energy.
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Therefore, the effective baryon mass, momentum, and energy in matter are
respectively defined by including the self-energy in matter as follows

M∗
N (k) =MN +Σs

N (k),

k∗µN (k) = (k∗0N (k),k∗
N (k)) = (k0 +Σ0

N (k),k + k̂Σv
N (k)),

E∗
N (k) =

[
k∗2
N +M∗2

N (k)
]1/2

.

In addition, the nucleon propagator in matter reads

GN (k) = GF
N (k) +GD

N (k),

GF
N (k) =

1

γµk
∗µ
N (k)−M∗

N (k) + iε

= [γµk
∗µ
N (k) +M∗

N (k)]
1

k∗Nν(k)k
∗ν
N (k)−M∗2

N (k) + iε
,

GD
N (k) = [γµk

∗µ
N (k) +M∗

N (k)]
iπ

E∗
N (k)

δ[k0 − EN (k)]θ(kFN − |k|).

We note that the nucleon energy in vacuum, EN , is satisfied with the
transcendental equation,

EN (k) =
[
E∗

N (k)− Σ0
N (k)

]
k0=EN (k)

=
[
k∗2
N (k) +M∗2

N (k)
]1/2 − Σ0

N (k)
∣∣∣
k0=EN (k)

.
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Summary table for self-energy

The nucleon self energy is expressed as

ΣN (k) = Σs
N (k)− γ0Σ0

N (k) + (γ · k̂)Σv
N (k),

with

Σs
N (k) = Σs

σN +
∑

N′=p,n

∑
i

(IiNN′)2

(4π)2 k

∫ kF
N′

0

dq q

[
M∗

N′(q)

E∗
N′(q)

Bi(k, q) +
q∗N′(q)

E∗
N′(q)

Di(q, k)

]
,

Σ0
N (k) = −

(
Σ0

ωN +Σ0
ρN

)
−

∑
N′=p,n

∑
i

(IiNN′)2

(4π)2 k

∫ kF
N′

0

dq qAi(k, q),

Σv
N (k) =

∑
N′=p,n

∑
i

(IiNN′)2

(4π)2 k

∫ kF
N′

0

dq q

[
q∗N′(q)

E∗
N′(q)

Ci(k, q) +
M∗

N′(q)

E∗
N′(q)

Di(k, q)

]
,

and
Σs

σN = −gσN σ̄, Σ0
ωN = gωN ω̄, Σ0

ρN = gρNIρN ρ̄, Σ0
πN = gπNIπN π̄ = 0.

These terms correspond to the contribution of the mean-field values, namely

the mean-field or Hartree approximation (tadpole diagram).
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Θi(k, q) = ln

[
m2

i + (k + q)2

m2
i + (k − q)2

]
, Φi(k, q) =

1

4kq

(
k2 + q2 +m2

i

)
Θi(k, q)− 1,

Ψi(k, q) =

(
k2 + q2 −

m2
i

2

)
Φi(k, q)− kqΘi(k, q),

Πi(k, q) =
(
k2 + q2

)
Φi(k, q)− kqΘi(k, q),Γi(k, q) = kΘi(k, q)− 2qΦi(k, q).
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Relativistic many-body calculations III

Energy momentum tensor

Tµν =
∑
α

∂L
∂ (∂µΦα)

∂νΦα − gµνL (α = N,σ, ω,ρ,π) .
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Energy density and pressure

The energy-momentum tensor is given by

⟨Ψ0|Tµν(x)|Ψ0⟩ = −i
∑

N=p,n

∫
d4k

(2π)4
eiηk

0
tr [γµGN (k)] kν

+
i

2
gµν

∑
N=p,n

∫
d4k

(2π)4
eiηk

0
tr [ΣN (k)GN (k)]

− i

∫
d4k

(2π)4
eiηk

0
[
∆σ(k)−∆λ

ωλ(k)−∆λ
ρλ(k; r, r

′) + ∆π(k; r, r
′)
]
kµkν

−
1

2

[
1

3
g2σ̄

3(x) +
1

2
g3σ̄

4(x)−
1

2
c3ω̄

4(x)

]
.

Therefore

ϵ = ⟨Ψ0|T 00(x)|Ψ0⟩

=
∑

N=p,n

2JN + 1

(2π)3

∫ kFN

0
dk

[
TN (k) +

1

2
VN (k)

]
−

1

2

[
1

3
g2σ̄

3(x) +
1

2
g3σ̄

4(x)−
1

2
c3ω̄

4(x)

]
,

P = ρ2B
∂

∂ρB

(
ϵ

ρB

)
= ρB

∂ϵ

∂ρB
− ϵ with ρB =

∑
N=p,n

ρN = ρp + ρn.
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Application I

Nuclear-matter properties
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Nucleon self-energy at ρ0 and kF0
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Momentum dependence of ΣN at ρ0
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Optical potential at ρ0
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Nuclear symmetry energy
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Nuclear binding energy
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Symmetry energy

Nuclear symmetry energy can be divided
into the kinetic and potential parts.
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Fock contribution of symmetry energy
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Application II

Neutron-star properties
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EoS for neutron stars

1 Baryon-structure variation in matter
using the CQMC model

2 SU(3) flavor symmetry

3 Relativistic many-body calculation
✓ Hartree approximation
✓ Hartree-Fock approximation

These effects make the EoS stiff and the maximum

mass can reach the 2M⊙ constraint.
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Summary (today’s talk)

1 Introduction

2 Relativistic many-body calculations I
Lagrangian density
Eular-Lagrange equation

3 Relativistic many-body calculations II
Green’s function
Nucleon self-energy (Hartree and Hartree-Fock approximation)
Meson propagator

4 Relativistic many-body calculations III
Nucleon propagator in matter
Energy momentum tensor

5 Application

6 Summary ΣN

Hartree Fock

direct exchange
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