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* Sttes L and | denote nearest neighbor pair

* 9>>1 means that the nearest netghbor spin
allignment s less tmportant. Almost all
configurations contribute the action averaging
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. . w/a dl )
Blagy-ae.) =N f_ ; {2;;2 exp(—ip - ra)G(p, B, a).

* G(p,B,a) can be computed tn powers of 3;
the high temperature expansion equivalent with
strong coupling expansion.
f<<l €—» g>>1
* Form of G(p,P,a) at smal momentum transfer

expliq - ra)3{50 - 5p) = G(p, 3, a)
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Susceptibility x

i = Y- 5 (mass gap x ) 2
Second moment
Let us simply name c {0}/c {1}=M

Physieal (mass gap)”2 is givew by the Limit,
lim {a->0}M/a"2.

Butera and coml (1997) computed susceptibility and second
moment (and also others) up to

B~{21} forall N.
we obtained M in B accordinglly and its inverse series.
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J&; 2+ N
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(2 + N)*(4 + N)
16(—1+N) 5
- + O(6°).
(2 4+ N)? P ¥
, . 2(10N + 19)x*  8(14N + 25)x*
= x —4x2 + -
18 X 4-1 Jﬁ..,r _|_ 2 J'ﬁ'.-r + 2 1
- x =
| 2338N° + 2593N2 + 60S4N +4512)x° M

(N + 2)3(N + 4)

Large mass expansion of P is equivelent
with the strong coupling expansion.
aA {L}>>1 is assumed.

A_{L} dewnotes the scale ow the lattice (finite but not universal)



* n assywmptotically free theories, the strongness
of the bare coupling is equiavalent with the
largeness of Lattice spacing,.

Strong coupling expanson can be said as the
expansion around a = infinity

° B expanded in. 1/M describes the behavior of the
bare coupling as functions of the lattice sacing a
at M>>1.

° can we recover the continuum asywptotically
free behavior? This is the main theme. As a by
product of the successful resolution of this
problem, the physteal mass gap would be
approximately obtained.
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1511 F(M)=1/(1+M)= x/(x+1) ,x=1/M
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B (#E) FM)=1/(1+M)= x/(x+1)=x-x"2+x"3-......

Expansion of F(M(1-90))=x/(x+1-0) in x (M>>1)

We need truncation order in x. Let F {n}= x-x"2+x"3-...
+(-1)"(n-1)x"n.

Then

x —> x/(1-0) ~ x(1+0+0"2+...+ 0"\(n-1))
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x —> xxn, x*2 —=> x"2xn(n-1)/2, ...
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C(n, r)=n!/{r!(n-r)!} xr => C(n, r) x"r
Mhing

F {n}=x-x"2+x"3-...+ (-1)*(n-1) x"n.
—> C(n, 1)x- C(n, 2)x*2+ C(n, 3)x*3+...+ C(n, n)(-1)(n-1)x"n
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C(n, 1) x- C(n, 2) x*2+ C(n, 3) x*3+...+ (-1)*(n-1)C(n, n) x"n
=1-(1-x)"n

R #(EIn->infinity THEEL. LHL. 2K TIX

[1-x|<1 TIELLMERFM=0)I 24X !

— #2812, lim {M->0}F(M)=F(0)N\1F1E T B4 (E

lim {order n->infinity}F {delta}(1/x)= F(0)

M5 x DEMRBBLTHILT 125D, (x —>infinityldE
WAETFLN 1)



B2 F(M)=log(1+1/M)
= log(1+x)=x - x*2/2 + x"3/3 - - -~

ZDOFHITIE FM) —> log(1/M)

= log(x) —> infinity
ZDX AR S EE L ~log(x) Dx DR TR E DS
TERICHE S ?

x-x"2/2+x"3/3 - ==+ => C(n, 1)x - C(n, 2)x"2/2
+ C(n, 3)x"3/3 - ==+ (-1)"(n-1)C(n, n)x n/n

STE: log(x) —> infinity D KIIZ, FHENT 515
BIEXTIVZIREDODEZENCDEHRIEIZHE S,




M —> 0 (x —> infinity) Cconst.[ZUNR T DiHE &
CDEIFTIVIBRADEEZZITIEWN(ER
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5 : log x

log x —> log x/(1-0) = log x- log (1-0)
= log x+ 0+ 072/2+0"3/3+= ==+ 0"n/n
=log x+ 1+ 1/2+1/3+---+1/n
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xr => C(n, r) x"r
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e C(n, r)=I'(n+1)/ {T'(r+1) I'(n-r+1) }
ELT.n—>a ELTONIE—RDRETEEE
BHoSblZ, aZ/h LT oZREAT A&

x™oL = 1+alog x+O(02)
—> 1+ +O(0"2)

D FDIZBEEIMIBOERARED,
LA\L. log (logx)®log (log x)/log x (£ IEULNHE
LN=55,




e C(n, r)=I'(n+1)/ {T'(r+1) I'(n-r+1) }
TrA0E-ITEOBREEZLDIGE

C(n, 0)=1, C(n, -1)=1, C(n, -2)=1, C(n, -3)=1, = - -

DFEY. AUTEROEMERICE > TUTOHRRZES,
MA(-1) (=x"1r) —> 0 (r=-1,-2,-3,""*)
MDIEANZIEHAD !
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* x/(I+x) =x-x"2+x"3 - - + (-DMn-1) x"n ++ -~
-> t-t"2/21 +t°3/3! - -« + (-1)Mn-1) t"n/n! +---

¢ log(1+x)=x—xA2/2 +xN3/3 = wu

—> tt72/(212)H3/(313) - -+ -+ (1) (n-1) t*n/(n'n)+- - -

x>>1TlXlog(1+x) ~ log(x)
—> log()+y
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ANEgED T, #BF I 7L (lattice artifacts)
... 25 Symanzik BN B shf=o7=....
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= constx 1/x
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(2RFTTHRER, ELVOMPOIYBIFEFER) (2012)
&= fi(1=B/B)7{1 +const x (1 =BfB)" +---}, B <.,

L. = 0.22165, v =0.630, <J
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—— 2 M+OMY, (M~0)
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Sorry for the omission.
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Figure 1: Plots of ffss. 25, f5: . Bas JHI?_% and 5,7 ,Ei'f‘,.l' 15 shown in the gray plot and its delta expanded version b"f; n
the black plot. In the first plot, the dotted line indicates the critical temperature 8, = 0.22165 - - - which value 1s widely
confirmed. In £25. the high temperature region 1s pushed away to the neighbourhood of the origin ¢ = 0 and the scaling

L]

: : . .=l
region appears o cover up to point ¢ ~ (.15, In the second plot, we see. though ,6'(,,,: 15 monotonic, ﬁ:"‘,,.l' has a peak around
t ~ 0.01. This peak indicates the turning point from high temperature region to the scaling region. The same reasoning

applies to ;5"33,1' in the third plot.
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How to estimate p : A FZEBIVHZD

— 812, lim {M->0}F(M)=F(0)NFEET B%o(E
lim {order n->infinity} F {delta}(1/x)= F(0)
MNHHxDERMBEE THILT 57=AD, (x —>infinitylF
WAEIELN 1)
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Table 1: Estimation of 8. and py = 1/(2v) = 0.79365 (1/p1 ~ 1.26) with one parameter.

order 20 21 22 23 24 25
i 0.220933  0.220944  0.221035 0.221040 0221114  0.221117
1/p 1.028607  1.029841 1.041745 1.042425 1.053098 1.053408
" 0.133502  0.126393 0.135082 0.128043 (0.136505 (0.129586

Table 2: Estimation of 8., p; and p> with two parameters.

order 20 21 22 23 24 25
B 0.221442  0.22140  0.221505 0.221513  0.221553  0.221562
1/ 1.138882 1.127291 1.160289 1.163069 1.179823 1.183677
1/p. 0433345 0413636 0468705 0472926  0.500057 0.505965
r* 0.116906 0.096589 0.119071 0.114190 0.120643 0.116991

Table 3: Estimation of 8. and py and p2 with three parameters.

order 23 24 25
B 0.222079 0221741 0.221687
L/m 2.010008 1.336976 1.274452
L/p- 0.920863 0.715954 (.648486
L/ps (0.299087 0.242590 (.210993
- 0. 111805 0O.111116  0.112973
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== 1-loop (Borel)

FIG. 1. Plot of improved 3 and S at sixth order. Two dashed
lines (one for B and the other for 3) represent behaviors at
continuum. The horizontal axis corresponds to logx = log(1/ 'M)
and logx = log(1/M) (for the Padé-only case).
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TABLE II. Result of estimation of the constant C; (implied by

Cypp)- The last column shows the result of Botera and Comi [10].

2=loo —|l;"1.] A=loop - -
fﬂ"l'r [ app oF 'l: ap 3 'l: app I‘ [ E 'l: BC

3 0.0068 0.0094 0.0112 10125

4 0.0336 0.0373 0.0398 ).0416 0.039
5 0.0584 0.0615 0.0639 ).0652 0.065
6 0.0771 0.0797 0.0818 ).0826 0.084
.
8

(
(
(
(

0.0913 0.0934 0.0953 0.0955

0.1021 0.1038 0.1055 0.1054 0.106

106 0.1121 0.1136 0.1132

(

(

(

(

(

(

9 (0.1

10 0.1175 0.1187 0.1201 ).1195 0.121
11 0.1231 (0.1242 0.1255 ).1247

12 0.1278 (0.1288 0.1299 ).1290 0.130
13 0.1318 0.1326 0.1337 ).1327

14 0.1352 0.1359 0.1369 ).1358 (0.137
15 (0.1381 (0.1388 0.1397 ).1386

e METDIL. NDEMN/NMNSHD EE, asymptotic free IEIR 55

LWASBABRRICRZ TOVEWLWZE, COIRAEVORERX. EH
C {8 LEFE XYL, HAEREELGHTHD,
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HAHN, ABEIERLTNANFLEFONT,

 2REANDDIHE: |
M=(mass gapxa)"2 M G(p. 3. a) cy

mass gap” 2212 R FEEa"(-2) co/c1 +q*a® + O(q?)
MEENDTZAD, CDEE,

M—>non-zero (a—> 0T) (mass gap x a) "2
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FEZELNEAD,
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