
トポロジカル輸送現象： 
物性から宇宙物理まで 

山本 直希	

慶應義塾大学 理工学部 物理学科

@千葉工業大学 核物理×物性セミナー	

2015年2月7日



内容

•日常的な輸送現象 
•カイラルな輸送現象 
•カイラルプラズマ不安定性 
•マグネターの問題



輸送現象

• 古典的で身近な例:	


• Ohmの法則: 	


• Fourierの法則:

je = �E

熱伝導

jQ = (�rT )



色々な輸送現象

• 19世紀に既に色々発見	


!

!

!

!

• 　　　　　   もOK.	


• これで全てなのか？

je = �E +RE ⇥B + ↵(�rT ) +N(�rT )⇥B

jQ = �E +NE ⇥B + (�rT ) + L(�rT )⇥B

Ohm Hall Nernst

Ettingshausen Fourier Leduc-Righi

1826 1879 1886

1886 1807 1887

電流

熱流

E ! �rµ



クイズ
• 局所的に温度や密度の勾配があると、	


!

• ではこういう流れは？

rT

rµ

j

j ⇠ rT ⇥rµ

j ⇠ rT j ⇠ rµ

電磁場のない最も単純な2次輸送



パリティ

j = rT ⇥rµ

�j = (�rT )⇥ (�rµ)

• この関係式を仮定：	


• パリティ変換のもとで	


• パリティに矛盾するので普通は (空気や水では) 起きない。



カイラリティー

スピン

運動量

左巻き

• 相対論的に運動するフェルミオン：カイラリティー

• 　　　　　　　　　　　　  ：パリティと無矛盾	


• 輸送係数は原理的に計算できるのか？

パリティ

j = ̃(µR � µL)rT ⇥rµ

右巻き

スピン

運動量

Ishii-Chen-Pu-NY, in preparation



Chiral Magnetic Effect

• Ohmの法則: 	


•                 はパリティに一見反する （                     ）	


•                                  ならOK.

Vilenkin (1980); Nielsen, Ninomiya (1983); Kharzeev, Warringa, Fukushima (2008)

je = �E

je ⇠ B

je ⇠ (µR � µL)B

B = r⇥A



定性的な議論
s p

右巻き

左巻き

B

je ⇠ µ5B• 左右の差があると、磁場方向の電流：	


• 「量子異常」と密接に関係

jL = �µLB

jR = µRB

Vilenkin (1980); Kharzeev, Warringa, Fukushima (2008)



量子異常（アノマリー）

• 古典的な対称性が量子効果によって破れる現象	


• トポロジーと深い関係	


• 低エネルギーの物理に重要な帰結	


• 湯川中間子の寿命    Adler-Bell-Jackiw (1969)	


• 輸送現象：量子ホール効果、カイラル磁気効果 etc. 



1+1次元の量子異常

ε 

p 

左巻き粒子

Diracの海

右巻きの粒子

… …
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�p =

Z
E(t)dt

�Q = 0, �QA =
1

⇡

Z
d

2
xE(t)

左巻き粒子

Diracの海

右巻きの粒子

1+1次元の量子異常

… …



B

• 磁場によってLandau準位ができる	


!

• 最低Landau準位: 1+1次元のカイラル粒子	


E2
n = p2z + (2n+ 1)B ±B

Zeeman効果

continuous

discrete

3+1次元の量子異常



ε 

pz 

B

最低Landau準位のカイラル粒子

左巻き粒子

Diracの海

右巻きの粒子

3+1次元の量子異常

… …



B

ε 

pz 

E

�Q = 0, �QA =
E

⇡
· B

2⇡
=

1

2⇡2
EB

Landau縮重度

左巻き粒子

Diracの海

右巻きの粒子

3+1次元の量子異常

… …



考えられる物理的な系

• RHIC/LHCにおける quark-gluon plasma	


• 中性子星内部の電磁プラズマ	

• 物性系の新物質：Weyl semimetal (“3D graphene”)

Electromagnetic Response of Weyl Semimetals

M.M. Vazifeh and M. Franz
Department of Physics and Astronomy, University of British Columbia, Vancouver, BC, Canada V6T 1Z1

(Dated: March 26, 2013)

It has been suggested recently, based on subtle field-theoretical considerations, that the electro-
magnetic response of Weyl semimetals and the closely related Weyl insulators can be characterized
by an axion term ✓E · B with space and time dependent axion angle ✓(r, t). Here we construct a
minimal lattice model of the Weyl medium and study its electromagnetic response by a combina-
tion of analytical and numerical techniques. We confirm the existence of the anomalous Hall e↵ect
expected on the basis of the field theory treatment. We find, contrary to the latter, that chiral mag-
netic e↵ect (that is, ground-state charge current induced by the applied magnetic field) is absent in
both the semimetal and the insulator phase. We elucidate the reasons for this discrepancy.

When a three-dimensional topological insulator (TI)
[1–3] undergoes a phase transition into an ordinary band
insulator, its low-energy electronic spectrum at the crit-
ical point consists of an odd number of 3D massless
Dirac points. Such 3D Dirac points have been experi-
mentally observed in TlBi(S

1�x

Se
x

)
2

crystals [4] and in
(Bi

1�x

In
x

)
2

Se
2

films [5]. In the presence of the time re-
versal (T ) and inversion (P) symmetries the Dirac points
are doubly degenerate and occur at high-symmetry po-
sitions in the Brillouin zone. When T or P is broken,
however, each Dirac point can split into a pair of ‘Weyl
points’ separated from one another in momentum k or
energy E, as illustrated in Fig. 1. The resulting Weyl
semimetal constitutes a new phase of topological quan-
tum matter [6–14] with a number of fascinating physical
properties including protected surface states and unusual
electromagnetic response.

The low energy theory of an isolated Weyl point is
given by the Hamiltonian

h
W

(k) = b
0

+ v� · (k � b), (1)

where v is the characteristic velocity, � a vector of the
Pauli matrices, b

0

and b denote the shift in energy and
momentum, respectively. Because all three Pauli matri-
ces are used up in h

W

(k), small perturbations can renor-
malize the parameters, b

0

, b and v, but cannot open a
gap. This explains why Weyl semimetal forms a stable
phase [6]. Although the phase has yet to be experimen-
tally observed there are a number of proposed candidate
systems, including pyrochlore iridates [7, 8], TI multilay-
ers [9–12], and magnetically doped TIs [13, 14].

The purpose of this Letter is to address the remarkable
electromagnetic properties of Weyl semimetals. Accord-
ing to the recent theoretical work [15–18], the universal
part of their EM response is described by the topological
✓-term,

S
✓

=
e2

8⇡2

Z
dtdr✓(r, t)E ·B, (2)

(using ~ = c = 1 units) with the ‘axion’ angle given by

✓(r, t) = 2(b · r � b
0

t). (3)

� � � �

�

�

FIG. 1: Low energy spectra in Dirac and Weyl semimetals.
a) Doubly degenerate massless Dirac cone at the transition
from a TI to a band insulator. Weyl semimetals with the
individual cones shifted in b) momenta and c) energy. Panel
d) illustrates the Weyl insulator which can arise when the
excitonic instability gaps out the spectrum indicated in c). In
all panels two components of the 3D crystal momentum k are
shown.

This unusual response is a consequence of the chiral
anomaly [19–21], well known in the quantum field the-
ory of Dirac fermions. The physical manifestations of the
✓-term can be best understood from the associated equa-
tions of motion, which give rise to the following charge
density and current response,

⇢ =
e2

2⇡2

b ·B, (4)

j =
e2

2⇡2

(b⇥E � b
0

B). (5)

Eq. (4) and the first term in Eq. (5) encode the anoma-
lous Hall e↵ect that is expected to occur in a Weyl
semimetal with broken T [7–10]. The second term in Eq.
(5) describes the ‘chiral magnetic e↵ect’ [22], whereby a
ground-state dissipationless current proportional to the
applied magnetic field B is generated in the bulk of a
Weyl semimetal with broken P.
The anomalous Hall e↵ect is known to commonly oc-

cur in solids with broken time-reversal symmetry. In the
present case of the Weyl semimetal its origin and magni-
tude can be understood from simple physical arguments
[7–10] applied to the bulk system as well as in the limit
of decoupled 2D layers [18]. Understanding the chiral
magnetic e↵ect (CME) in a system with non-zero en-
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Dirac semimetal (Na3Bi)

Z. K. Liu et al., Science (2014)



カイラルプラズマ不安定性 (CPI)

• 左右の差のもとでは不安定（カイラルプラズマ不安定性）	


• この不安定性は左右の差を減らそうとする	
                    

電弱理論 Redlich-Wijewardhana (1985); Rubakov (1986) 	


初期宇宙  Joyce-Shaposhnikov (1997) 	


QGP Akamatsu-NY (2013, 2014)   中性子星 Ohnishi-NY (2014)



δB 

最初に一様な　 があると仮定µ5

カイラルプラズマ不安定性 (CPI)



δj ~ µ5δB  
カイラル磁気効果

カイラルプラズマ不安定性 (CPI)



δj 
δBind 

r⇥B = j

Ampereの法則

カイラルプラズマ不安定性 (CPI)



δj 
δjind ~ µ5δBind 

カイラル磁気効果

カイラルプラズマ不安定性 (CPI)



δjind 
δB + δB’ind 

正のフィードバック：不安定性

r⇥B = j

Ampereの法則

カイラルプラズマ不安定性 (CPI)



δEind δBind 

δB + δB’ind 

自然は左右を等しくしようとする

r⇥E = �@tB

Faradayの法則

�Q5 = #E ·B < 0

量子異常の式

カイラルプラズマ不安定性 (CPI)



Polarization tensor with µ5

•            のテンソル分解 (           )	


!

!

!

⇧ij(k) A0 = 0

k̂ik̂j , �ij � k̂ik̂j , i✏ijkk̂k

⇧ij
�(k) =

µ

4⇡2
i✏ijk

✓
1� !2

|k|2

◆✓
1� !

2|k| ln
! + |k|
! � |k|

◆

T=0 [Son-NY (2013)]  T≠0 [Manuel, Torres-Rincon (2014)]

kk

T, µ, µ5

e2µ5

4⇡2
i✏ijk

⇧µ⌫(k) =



Collective modes

• Maxwell方程式: 	


• 線形応答:	


!

!

• μ5=0 では                    ;	


!

• μ5≠0 では                                ;                       for small k	


@⌫F
⌫µ = jµ

[k2�ij � kikj +⇧ij(k)]Aj = 0

! =
4ik2

⇡m2
D

✓
e2|µ5|
4⇡2

� k

◆

! = � 4ik3

⇡m2
D

e�i!t ⇠ e��(k)t

e�i!t ⇠ e�(k)t

Landau減衰

プラズマ不安定性Akamatsu-NY (2013)

jµ(k) = ⇧µ⌫(k)A⌫(k)

(Transverse part, ω≪k)



r⇥B = j ⇠ e2µ5B

典型的なスケール

Ampere’s law + CME

) kinst ⇠ e2µ5



Non-Abelian Chiral Instability 

• QGPはカラーをもつ → non-Abelian chiral plasma instability  	


!

!

!

• μ5~Tにおいてnon-Abelian CPIは流体力学で見えない	


• もっと微視的な理論 (BoltzmannやLangevin方程式)では記述可能	

Akamatsu-NY (2013, 2014)

linst ⇠ (g2µ5)
�1 ⌧ (g4T )�1 ⇠ lmfp

⌧inst ⇠ [g4T ln(1/g)]�1 ⇠ ⌧mft



マグネター
• マグネター：「宇宙最強の磁石」 	


• 表面磁場は最大 1015 G 程度	


• このような強くて安定な磁場はどのように作られるのか？



磁気ヘリシティ

• 磁気ヘリシティ:	


• Gaussの絡み目数に比例：トポロジカルな安定性	


• これまで電磁流体力学(MHD)の初期条件として存在が仮定	


• しかし、そもそもその起源は非自明
MUTUAL MAGNETIC HELICITY 7

H = 0 H = −2Φ1Φ2

E = 2M1,2I1I2

I1

I2

Figure 1. Top: two magnetic flux tubes. The magnetic helicity is twice the magnetic
flux linkage Lclose

12 (= 0 on the left, = −1 on the right) multiplied by the magnetic
fluxes (Equations 8 and 17). Bottom: two current channels. The flux of the magnetic
field created by one current channel, with unit current, through the current channel
of the other current channel defines the mutual inductance M12; thus the mutual
inductance corresponds to the linkage of the magnetic flux created by one current
channel with the second current channel (Equation 20).

We conclude that, even for a force-free field, there is no relationship
between mutual inductances and mutual helicities. The above discus-
sion points out the need for a clear derivation of mutual helicities (they
cannot be approximated by Equation 13 of Melrose 2004). This will
change the coefficients in the flare theory of Melrose, but we are not
challenging here the global derivation of his flare model, but rather we
proceed deriving the proper expressions for the mutual helicities.

h_basic.tex; 25/09/2005; 16:21; p.7

H =

Z
d3xA ·B

poloidal/toroidal磁場



トロイダル磁場の証拠？



CPIによるマグネター磁場

• 超新星爆発におけるニュートリノ放出:	


• 右巻き電子の方が多く残る → この状態はCPIにより不安定	


• 生成磁場の大きさ：中心コアで最大 ~1018 G ガウス	


• ヘリシティの保存：電子のヘリシティ → 磁気ヘリシティ

p+ e�L ! n+ ⌫Le

Ohnishi-NY (2014)

eLeR eLeR

+ ヘリカル磁場

eLeR

supernovae CPI



Grabowska-Kaplan-Reddy

• 磁場の典型的な距離が短すぎる？ 	


!

•    



Grabowska-Kaplan-Reddy

• 磁場の典型的な距離が短すぎる？                                          

→ MHDでのinverse cascadeで長くなる    Pouquet et al. (1976), …	


•  



Conclusion

• カイラリティによる新奇な輸送現象	

• マグネターの可能なメカニズム	

• Chiral MHDの宇宙・原子核物理への応用？ 


